ITERATED GROUP EXTENSIONS 
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Abstract. We introduce the notion of iterated group extensions, which, roughly speaking, 
is what one obtains by forming a group extension of a group extension. We interpret iterated 
extensions in terms of group cohomology, in the same way as Eilenberg-MacLane did for 
usual group extensions. From the E 2 -spectral sequence of a group extension, there is a 
6-term long exact sequence in which various cohomology groups of degree 1 or 2 appear. 
We give an explicit identification of each cohomology group and each morphism appearing 
in this long exact sequence in terms of iterated extensions and associated notions. These 
identifications enable us to uncover natural relations between (iterated) extensions, their 
automorphism groups, and their outer actions. 



1. Introduction 
A group extension consists of an exact sequence of groups 

(KGQ) : ifc >G — »Q 

in which i is an isomorphism of if with a normal subgroup of G , and it is a surjective 
homomorphism from G onto R with i(K) as kernel. The conjugation action of G on 

if induces an outer action 9 : Q > Out (if) of Q on if making the following diagram 

commute: 

if c i > G » Q 

r G 9 

v \ j 

C^(if) = Inn(if) c > Aut(K) — » Out (if). 

We say that the triplet ( G , i , ir ) (or simply G itself) is an extension of if by Q ; we 
refer to if as the kernel, Q as the quotient, and 9 as the outer action of the extension. 
Two extensions (Ge , it , ir?) of K by Q (for I = 1,2) are isomorphic iff there exists an 

isomorphism ip : G\ — ^> G7 2 of groups such that (p o i x = i 2 and 7T2 o <p — 7Ti . 

When the groups K and Q and the outer action 9 are given, we may regard the triplet 
(if , Q , 9) as constituting an extension problem. The groups G that can be obtained as 
extensions of if by Q with outer action 9 can be classified: according to Eilenberg and 
MacLane (cf. [EM47b] theorem 11.1), the set of isomorphism classes of all such extensions 
forms a torsor (possibly empty) under the cohomology group H 2 (Q, Z(K)) , where the center 
Z(K) of if is regarded as a Q -module via the action induced by 9 . 
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Let us now iterate this process of forming group extensions. 
Thus, we suppose we have obtained a group N as an extension 
of K by P , and we consider an extension G of iV by R such 
that K is normal in G (e.g. when K is a characteristic subgroup 
of N). The group G is then an extension whose kernel is K and 
whose quotient Q is itself an extension of P by R ; i.e. we have 
the lattice diagram on the right. What are the groups G which can 
be obtained this way? 

To deal with this situation, we fix the two group extensions 



G 
N 
K 
{1} 



Q 



IQ 



(KNP) : K 



and make the following: 



N 



^>P and (PQR) : P 



Q 



^>R, 



Definition 1.1. An iterated extension of (KNP) by (PQR) is a triplet (G , j , n) con- 
sisting of a group G , an injective homomorphism j : iV c — > G and a surjective homomor- 
phism 7r : G — » Q , such that setting i := j o z and <p := <p o tt , one has 7r o j = j o 7To , 
j(N) = Ker(0) and i(if) = Ker(7r) ; in other words, the following diagram commutes and 
has exact rows and columns: 



(1.2) 




Its Q -main extension is the extension ( G , i , n ) of K by Q obtained by setting i := joi . 
Two iterated extensions (Ge,je,7Te) of (KNP) by (PQR) (for i= 1,2) are isomorphic 
iff there exists an isomorphism (p : G\ — Gi of groups such that <p o j 1 = j 2 and 

7T 2 O if = 7Ti . 

When P = {1} and hence R = Q and iV = , an iterated extension of (KNP) by 
(PQR) reduces to a usual group extension of K by Q In general, an iterated extension 
of (KNP) by (PQR) always gives rise to its Q -main extension which is a usual group 
extension of K by Q ; conversely: 

Definition 1.3. Let ( G , i , tt ) be an extension of K by Q . Its P -subextension is the 

extension (iV, zq , vro ) of If by P where iV := 7r _1 (P) , and where z'o : if c > iV 

and 7r : iV » P are the homomorphisms induced by i and ir respectively (as in 

diagram (11.21) ). If we let j : iV c — > G denote the canonical inclusion, then (G , j , it) is 
an iterated extension of (KNP) by (PQR) as in definition 11.11 

The purpose of this work is to illustrate how iterated extensions form an integral part 
of the theory of group extensions. We will interpret iterated extensions in terms of group 
cohomology, extending the result of Eilenberg-MacLane mentioned earlier. Specifically, we 

fix an outer action 9 : Q > Out (if) of Q on K and consider the Lyndon-Hochschild- 

Serre spectral sequence (cf. |L48] . |HS53j ) for the extension (PQR) with coefficients in 
Z(K) , regarded as an Q -module via the action induced by 9 . The E 2 -terms give the 
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following exact sequence: 

> H\R,Z(K) P ) H\Q,Z(K)) H\P,Z(K)) R 

(1.4) 

H 2 (R,Z(K) P ) H 2 P (Q,Z(K)) _> H^H^Z^K))), 

where 

H 2 P (Q,Z(K)) := Ker (h\Q,Z(K)) H 2 (P,Z(K))y 

We will give an explicit identification of each cohomology group and each morphism ap- 
pearing above in terms of iterated extensions and associated notions. These identifications 
then enable us to translate the exactness of (11.4j) into natural relations between (iterated) 
extensions, their automorphism groups, and their outer actions. Our work extends and (we 
hope) clarifies that of Hochschild in [H77] . which gives an interpretation of the exactness 
of (11.41) entirely within the context of group extensions, but under the assumption that the 
group K (in our notation here) is abelian. Much of what is presented here is probably 
known in one form or another, and we make no claim of true originality for any particular 
result or construction. Our aim coincides with that of |H77] : to give a self-contained and 
systematic exposition of the relevant ideas — one which (we hope) will serve as a basis for 
future applications. 

The main difficulty in giving a coherent discussion of iterated group extensions lies in 
finding the right generalization of the notion of outer action. We believe this is served by 
the notion of mod- K outer action, which we introduce and discuss in sectional After that, 
the paper is organized "sequentially" following the long exact sequence ( II. 4p . as a glance at 
the section headings will reveal. Throughout, we adopt the convention that the cohomology 
of various groups are defined by normalized cocycles and coboundaries (cf. |EM47a] §6), 
in the sense that the relevant cochains take on the trivial value whenever any one of their 
arguments is the identity element. We also assume throughout that any map between groups 
sends the identity element of the source to the identity element of the target; this applies in 
particular to sections and liftings of homomorphisms. These conventions do not change the 
substance of our discussion, but they do tremendously simplify the computations involved. 

We use solid arrows (such as A > B ) to denote homomorphisms and use dotted arrows 

(such as A > B ) to denote maps between groups which are not homomorphisms — for 

instance, cochains, sections and liftings. 



2. Preliminaries 

Notation 2.1. For the rest of this paper, we fix the triplet (K , PQR, 9) consisting of: 
a group K; 

an extension (PQR) : P c -^-> Q — ^» R; 
and an outer action 9 : Q > Out (if) of Q on K. 

We let 9\p : P c — > Q > Out (if) denote the outer action of P on K obtained by 

restricting 9 to P . 

The outer action 9 induces an action of Q on the center Z(K) of K , which we also 
denote by 9 . Since P is a normal subgroup of Q , the subgroup Z(K ) p of elements of 
Z(K) fixed by P is stable under the action of Q . Hence: 
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Notation 2.2. The outer action 9 induces an action of R on Z(K) P , denoted by 

#o : R >Aut(Z(K) p ). 

An element r G R sends z G Z(K) P to , where g G Q is any element such 

that 0(g) = r in R . If ( G? , i , ir ) is an extension of K by Q with outer action 9 , and 
we set := o 7r , then e °( r ),2 = g ■ z ■ g" 1 for any g G G such that 0(g) = r in i? . 

The action 9q of i? on Z(K) P is the one which is used for defining H 1 (R, Z(K) P ) and 
H 2 (R, Z(K) P ) in the exact sequence (11 ,4P ; these groups will be discussed in sections H] and [9] 
respectively 

Notation 2.3. The outer action 9 induces an action of Q on the abelian group of all maps 
from P to Z(K) : an element q G Q sends such a map A to q \ given by 

* A (p) := ^Kq-'pq). 

It is clear that this action normalizes the subgroups of 1-cocycles and 1-coboundaries; hence 
9 induces an action of Q on Z 1 (P,Z(K)) and on B l (P,Z(K)). 

Passing to the quotient, one obtains an action of Q on H 1 {P : Z(K)) induced by 9 , which 
is also trivial when restricted to the subgroup P . To verify the latter claim, first note that for 
any A G Z l {P, Z{K))) and any p G P C Q , one has 1 = X(p oPo x ) = A(p ) ■ 9|p(po) A(p x ) , 
which implies that ' P ^A(pg x ) = A(po) 1 • Thus for any pgP, one has 

»A(P) = ^^ACPb'pPd) = ^(ACPb 1 )-^" 1 ^)) 

= ^ACpf x ) ■ A(p) • e|Hp) A( Po ) = zo- 1 " e|Hp) ^o • A(p) 

where := A(po) G Z(K) ; in other words, P0 A = (9^o) • A in Z X (P, Z(K)) . Hence: 

Notation 2.4. The outer action 9 induces an action of R on H l (P, Z(K)) : an element 
r e R sends [A] G H\P,Z(K)) to the cohomology class [ g \] G H l (P,Z(K)) of the 
1-cocycle 9 A , where g G Q is any element such that 0(g) = r in R . 

The above action of R on H 1 (P, Z(K) P ) is that used for defining the cohomology groups 
H l (R, i? x (P, Z(K))) in the exact sequence (11.41) ; this group will be discussed in section [151 



3. Mod- K outer automorphism groups and mod- K outer actions 

Definition 3.1. Let (KNP) : K c 10 > N -^^> P be any extension of K by P . 
We let Auttf(iV) := { rj G Aut(iV) : ^(A') = K } denote the group of automorphisms of A 
stabilizing K . It contains the normal subgroup Cat (A) consisting of inner automorphisms 
induced by elements of K . The mod- K outer automorphism group of N is the quotient 
group 

Out W *) := 



A mod- K outer action on A is a homomorphism (from the acting group) to Out (A; K) 
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The group Out(iV; K) serves as an intermediary between the outer automorphism groups 
of K , N and P : one has the diagram 

NK 



Out (if)' 



I 



Aut(it) 



Antic (N) 



NP 



Out(N;K) Inn(A) 



Out* (AT) 



Inn (AT) 



1 



Aut(P) 



Inn(P) 



{1} 



Out(P) 



in which NK and NP are the canonical homomorphisms obtained by considering the 
effects induced on K and on P respectively by an automorphism of N which stabilizes 
K . From this, we see that there are canonical homomorphisms making the following diagram 
commute: 



Aut(AT) 



NK 



k\xt K (N) 



'■¥ 

V 



Out(K) 



Out(JV; K) 



Aut(P) 



V 



Outx(A^) 



Out(P). 



A mod- K outer action on iV thus induces an outer action on K and a "true" action on 

p. a 

Definition 3.2. Let (KNP) : K c 10 > N -^^> P be an extension of K by P . 

The conjugation action Cat of iV on itself induces a homomorphism Bp : P > Out (AT; K) 

making the following diagram commute: 



N 



^>P 



Cv(A^) 

The homomorphism Op : P — 
extension (KNP) . 



e. 



Out(A; K). 



Aut^(A) — 

Out(A^;i^) is called the mod- K outer action of the 



Suppose the extension (KNP) has outer action given by 6\p ■ The mod- .fT outer action 
Op then induces both the outer action 9\p of P on K as well as the conjugation action 
Cp of P on itself, thus making the following diagram commute: 

P » Inn(P) 




Out (AT) < Out (A; K) > Aut(P). 

The given outer action 9 : Q > Out (if) of Q on K is a homomorphism which prolongs 

the outer action 9\p of P on AT ; one has 9 o j = 9\p . On the other hand, in the exten- 
sion (PQR) , the conjugation action of Q on P is a homomorphism Cp : Q > Aut(P) 



1 There is also an induced outer action on N , but this will not be important for our discussion here. 



6 



CHEEWHYE CHIN 



which prolongs the conjugation action Cp of P on itself; one has Cp o j 
homomorphisms 9 and Cp thus make the following diagram commute: 

P 



Cp . The 



(3.3) 



Out (AT) 




Aut(P) 



Out (A; K) 



Definition 3.4. Let Gp be as in definition 13.21 A prolongation of Op is a mod- K outer 

action O : Q > Out (A; AT) of Q on N such that 9o ] = © P as homomorphisms 

P > Out (AT'; AT) . When the extension (KNP) has outer action given by 9\p , we may 

speak of a (9, Cp) -prolongation of Op , which is a prolongation O of Op that can be 
inserted into the diagram ( 13. 3 j) to make it commutative, i.e. such that the following diagram 
commutes: 

Q 




Out (AT; if) 



Aut(P). 



Definition 3.5. Let 



Out (AT) <- 

G , j , 7r ) be an iterated extension of (KNP) by (PQR) 



as m 



definition ll.il The conjugation action C^ : G > Aut^(A) of G on iV stabilizes AT and 

induces a homomorphism O : Q > Out (A; K) making the following diagram commute: 



(KGQ) 



K^ 



G 



(3.6) 



Cat(X) 



Aut A - 



(AT) 







Out(N; K). 



The homomorphism O : Q > Out(A^; K) is called the mod- K outer action of the iterated 

extension ( G , j , 7r ) . If the Q -main extension (KGQ) of the iterated extension has outer 
action given by 9 , the mod- K outer action O is a (9, Cp) -prolongation of Op. 



Definition 3.7. Generalizing the notion of an exten- 
sion problem, we define an iterated extension problem 
as a triplet ( KNP , PQR , ) in which (KNP) and 
(PQR) are group extensions and is a mod- K outer 
action of Q on N , satisfying the following conditions: 
the outer action of the extension (KNP) is 9\p , and 
is a (9, Cp) -prolongation of the mod- K outer action 
Op of P on A" induced by the extension (KNP) . 
These data are conveniently organized in the form of 
the diagram on the right. 

When the group K is contained in the center Z(N) 
O becomes a "true" action Q — 



K<=- 



K 



N 



R 







^>P 

r 



Q 



R 



of N , the mod- K outer action 
Auti<r(A) of Q on iV which induces the conjugation 
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action of Q on P ; the iterated extension problem ( KNP , PQR , ) then amounts to a 

crossed module in the sense of Whitehead (via the composite homomorphism N — J — > Q ; 
cf. [W49] §2). If K is in fact equal to the center Z(N) of N , we obtain the notion of an 
S - exact sequence considered by MacLane in |M49] §2. 

4. H 1 (R,Z(K) P ) AND THE AUTOMORPHISMS OF ITERATED EXTENSIONS 

Let ( G , j , 7r ) be an iterated extension of (KNP) by (PQR) , whose G; -main extension 
(KGQ) has outer action # . In accordance with definition II. 1[ the automorphism group of 
the iterated extension is 

Aut (KNGQR) := { £ G Aut(G) : f o j = j and tt o £ = tt }. 

Theorem 4.1. T7ie map 

-* : Z 1 (R,Z(K) P ) Aut(KNGQR), 

A I > i/ie map A* := ( g i-> \(<p(g)) ■ g ), 

zs a well-defined isomorphism of groups. 

Here, Z(K) F is regarded as an i? -module via the action #o as in notation 12.21 Note 
that Z l (R, Z(K) P ) depends only on the given data (K , PQR, 9) as in notation 12. 1\ 
whereas the automorphism group Aut(KNGQR) is defined only when the iterated extension 
( G , j , 7r ) is given. 

Proof. Let A G Z 1 (R, Z(K) P ) be any 1-cocycle, and let £ := A* be the map from G to 
itself given by ^9 := \(4>(g) ) ■ g . For any gi,g% G G , the cocycle relation satisfied by A 
yields 

A( <P(gi)<P(g 2 )) -gi-92 = \(<j>( gi ))- 6o ^ 9l)) \(<t>(g2))-gi-g2 

V v ' 

= A( 0(ai) ) • </i • A( (j)(g 2 ) ) • # 2 in G, 

which shows that ^(gig 2 ) = ^<?i - ^<72 thus £ is an endomorphism of G. As \(1r) = lz{K) p > 
we have £ ° j = j , and since A takes values in Z(K) P CK,we have tt o £ = tt . It follows 
that £ G Aut(KNGQR) is an automorphism of the iterated extension. The map — * which 
sends A to £ is thus a well-defined map from Z 1 (R,Z(K) P ) to Aut(KNGQR) . For any 
Ai, A2 G Z 1 (R, Z(K) P ) , applying the automorphism A 2 * followed by Ai* to g G G gives 

A 1 (0(A 2 (0(^))^))-A 2 (0(( 7 ))^ = (AiA 2 )(0((/)). 5 in G, 

V v ' 

= <«<?) 

which is the same as applying (AiA 2 )* to g ; this shows that — * is a group homomorphism. 
If -* sends A G Z 1 (R, Z(K) P ) to id G G Aut(KNGQR) , then A(0(#)) = 1g for every 
g G G , which implies that A is the trivial 1-cocycle; hence — * is injective. 

We now show that — * is surjective. Given an automorphism £ G Aut(KNGQR) , we 

choose any section u : R > G of G — ^» R , and define the map A : R > G by 

A(r) := ^u(r) ■ u(r) _1 . (It will be seen eventually that A is in fact independent of the choice 
of the section u .) For any r G R, the fact that tto£ = tt implies that tt( u(r) ) = tt( u(r) ) 
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in Q ; hence A takes values in K . On the other hand, the fact that £ o j = j implies that 
for any n G N , one has j(n) = j(n) , and hence 



( c£(«(r)) n ) j 



-l 



u{r ) ■ j{n) ■ u{r 



n) in G, 



which implies that Cjv( A(r) ) = idjv ; this shows that A takes values in Z{K) P = Z(N)nK . 

Now let / : R x R > N be the (right) factor set corresponding to the section u , 

characterized by the property that for any r±, r 2 G R , one has 

u(ri)-u(r 2 ) = u(nr 2 ) • j{f(r 1 ,r 2 )) in G. 

Using the fact that ^ (j( r 2) ) ) = j( /(?"i> r 2 ) ) , we have 

A(nr 2 ) = ^u(rir 2 ) ■ u(r 1 r 2 )~ 1 

= ? (w(ri) -u(r 2 ) ■ jifin,^))' 1 ) ■ (u(n) -u(r 2 ) ■ j( fin,^))' 1 ) 1 

= ^u(ri) • ^u{r 2 ) ■ w(r 2 ) _1 ■ u^i)^ 1 

= A(n) • w(n) • A(r 2 ) • u{r x y l = A(n) • Mn) A(r 2 ), 

and so A : i? •> Z(K) P is a 1-cocycle. The homomorphism — * maps A G Z X (R, Z(K) P ) 

to the automorphism £' G Aut(KNGQR) which sends an arbitrary element g G G , written 
in the form g = u(r) ■ j(n) (with n G iV and r G -R ), to the element 

^9 = X(r)-u(r)-j(n) = ( ^u{r)-u{r-)~ l ) ■ ( u(r)- ^j(n) ) = (it(r) • ) = ^9 in G. 
This shows that £' = £ , and hence — * is surjective. □ 



Remark 4.2. The proof shows that the inverse of the isomorphism — * of theorem 14.11 is 
given by 

Aut(KNGQR) — ■> Z 1 (R,Z(K) P ), £l >(r^ ? w(r) • w(r)- 1 ), 

for any choice of a section u of . 

Remark 4.3. It follows from theorem 14.11 that the group Aut(KNGQR) is an abelian 
subgroup of Aut(G) , which (via the canonical isomorphism — * of the theorem) depends 
only on the given data ( K , PQR , 9 ) (cf. notation 12. ip and not on the iterated exten- 
sion (KNGQR). 

The automorphism group Aut(KNGQR) of the iterated extension (G , j , tt) contains 
the normal subgroup 

£ G (Z(K) P ) = { C G (*) G Inn(G) : z G Z(iT) p } 

consisting of inner automorphisms of G induced by elements of Z(K) P . The fact that 
Z(K) P = Z(N) n K imples 

£ G {Z{K) P ) = £ G (K) n Aut(KNGQR) in Aut(G) . 
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Corollary 4.4. The isomorphism — * of theorem 4-1 restricts to an isomorphism 



-* : B\R,Z(K) P ) £g(Z(K) p ) 



dz i > CgOq 1 ), 

where dzo denotes the 1-coboundary dzo{r) := z^ 1 ■ e °^z for any z G Z(K) P . (Note the 
presence of the inversion in Cg(^o" 1 ) corresponding to dzo .) 

Proof. For any z Q G Z{K) P , the coboundary dz G -B 1 (-R, Z(K) P ) is mapped by — * to 
the automorphism of G which sends an arbitrary element g G G to 

(dz )($(g)) ■ g = z^-W^zn-g = z^ 1 ■ g ■ z = ^ z ^9 in G . 




Thus —k maps dz to £>g( z o *) in Aut(KNGQR) , and the corollary follows. □ 



Extending the notation in definition I3.1[ we let AutAr^G) denote the subgroup of 
Aut^(G) consisting of automorphisms of G stabilizing both N and K ; it also con- 
tains Cg(A) as a normal subgroup, and we let Out7v(G; K) := Ant^^iG) /Cg(A) de- 
note the quotient group. Let Out(KNGQR; K) denote the image of Aut(KNGQR) in 
Out at (G; K) . There are canonical homomorphisms from AutAr^(G) to Aut^(A^) and 
Aut(Q) , obtained by considering the effects induced on N and on Q respectively by an 
automorphism of G which stabilizes both iV and K ; passing to the quotient modulo 
Cg (A) , these induce corresponding homomorphisms from OutAr(G;A) to Out(A";A) and 
Aut(Q) , and we have 

Out(KNGQR; A) = Ker( Out N (G; K) > Out(A; K) x Aut(Q) ) in Out^G; K) . 

In virtue of the identity C G (Z(A) P ) = C G (AT) n Aut(KNGQR) , we also have 

^ /r^™o Aut(KNGQR) 
Out(KNGQR; K) = \ 

and hence: 



Corollary 4.5. The isomorphism — * of theorem \4-l\ induces an isomorphism 
-* : H\R,Z(K) P ) — Out(KNGQR;K) C Out N (G;K). 

5. H 1 {Q,Z{K)) AND THE AUTOMORPHISMS OF EXTENSIONS 

Let ( G , i , 7T ) be an extension of A by Q with outer action 9 . Its automorphism 
group 

Aut(AGQ) := { £ G Aut(G) : «£oi = iand7ro£ = 7r} 

contains the normal subgroup 

C G (Z(A)) = { C G (z) G Inn(G) : 2 G Z{K) } = C G (A) n Aut(AGQ) 

consisting of inner automorphisms of G induced by elements of Z(K) . Let Out(AGQ;A) 
denote the image of Aut(KGQ) in Out(G; A) ; one has 

Out(AGQ;A) = ^5^? = Ker(Out(G;A) > Out (A) x Aut(Q) 

The results of section [^specialize to analogous results for the extension (KGQ) by putting 
P = {1} and hence R = Q , <p = tc , and N = K , j — i . We state these results in this 
section for later references. 
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Theorem 5.1. The map 

-* : Z l (Q,Z(K)) Aut(KGQ), 

A l > the map A* : = ( g i->- A(7r(gr)) • g ), 

zs a well-defined isomorphism of groups, whose inverse is given by 

Aut(KGQ) — * ^(Q, £(#)), e I > ( 9 ^ ^(<z) ■ ^q)' 1 ) , 

/or an?/ choice of a section s of n . Thus the group Aut(KGQ) is an abelian subgroup of 
Aut(G) which depends only on the extension problem (K , Q, 9) and not on the exten- 
sion (KGQ) . 

Corollary 5.2. The isomorphism of theorem \5. II restricts to an isomorphism 

-* : B\Q,Z(K)) — * £ G (Z(K)), 
dz i > C G (2; ( 7 1 ), 

where dz denotes the 1-coboundary dzo(q) := z^ 1 ■ e ^z for any zq G Z(K) . (Note the 
presence of the inversion in Cg-^^ 1 ) corresponding to dzo .) 

Corollary 5.3. The isomorphism of theorem \5. 1\ induces an isomorphism 

-* : H\Q,Z(K)) — ■> Out(KGQ;K) C Out(C; K). 

Remark 5.4. In the literature (e.g. in [EM47a] §3), the groups Z l and B 1 of 1-cocycles and 
1-coboundaries are often described as the groups of crossed homomorphisms and principal 
homomorphisms respectively, and H 1 is described as the quotient of these two groups. 
Our results above offer an interpretation of Z 1 (Q, Z(K)) , B 1 (Q, Z(K)) and H 1 ^, Z(K)) 
which is more relevant for studying group extensions; this will be seen later in sections [7] 
and [13 It seems that the description of H 1 as in corollary 15.31 is usually given (e.g. [E49J 
end of §4) only for the case when K = Z{K) is abelian, though the general case is not more 
difficult. 



6. Inflation from H X {R,Z{K) P ) to H\Q,Z{K)) 

Let (KNGQR) = (G , j , vr ) be an iterated extension of (KNP) by (PQR) , whose 
Q -main extension (KGQ) has outer action 9 . By definition, any automorphism of the 
iterated extension (KNGQR) is also an automorphism of its Q -main extension (KGQ) , 
so there is a canonical inclusion homomorphism 



(6.1) 



Aut(KNGQR) c — > Aut(KGQ). 



Via the canonical isomorphisms of theorem 14.11 and theorem 15. 1\ one sees that this inclu- 
sion homomorphism corresponds to the inflation map of cocycles; i.e. the following diagram 
commutes: 



Z\R,Z(KY 



thm.ECT i\ 



Aut(KNGQR) 



infl 



Z\Q,Z(K)) 



|! thm. nm 



CD 



Aut(KGQ). 
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Passing to the quotient in cohomology, we obtain the corresponding commutative diagram: 

infl 



H\R, Z{K) P ) H\Q, Z{K)) 



(6.2) cor.[33] \\ 



\l cor. [531 



Out{KNGQR; K) > Out{KGQ; K). 

Consequently, the injectivity of the inflation homomorphism 

> H\R, Z(K) P ) iDfl > H\Q, Z(K)) 

in the sequence (11.41) translates as: 

Proposition 6.3. The inclusion homomorphism (16.11) induces an injective homomorphism 

Out(KNGQR; K) c — > Out(KGQ; K). 

In other words, an automorphism £ G Aut(KNGQR) of the iterated extension (KNGQR) 
lies in Uq(Z(K)) if and only if it lies in £>q(Z(K) p ) . 

Proof. We can see this directly. It is clear that Zg(Z(K) p ) is a subgroup of ba(Z(K)) . 
Conversely, suppose £ G Aut(KNGQR) is of the form Cg^^ 1 ) for some z G Z(K) . For 
any p G P and any element n G iV such that vr (n) = p , one has 

z -i . e \p(p) Zo = z- 1 -n-zo-n- 1 = c ^o _1 ) n . n -i = f n . n -i i n jy . 

Since £ acts trivially on n G N by hypothesis, this implies that 8 ^ p ^zq = zq , and the 
proposition follows. □ 

7. H X {P, Z(K)) R AND THE 6 -COMPATIBLE AUTOMORPHISMS OF EXTENSIONS 

Throughout this section, we fix an extension {KNP) : K N ^> P of K 

by P with mod- K outer action Bp , and we let : Q > Out(iV; K) be a prolongation 

of e P . 

For any q G Q , let S(g) G Aut^(iV) be a lift of 0(g) G Out (iV;iT) . Then for any 
automorphism 77 G Aut(iTA^P) , the automorphism S(g)or/oS(g) _1 of iV also acts trivially 
on K and on P , and so it lies in Aut(i^A^P) as well. Another lift of 0(g) would be of the 
form E(g) o Ca?(A;) for some k G K ; but the identity r/^ 1 o Cat(A;) o t] = Cjv( r ' k ) = Cat(/c) 
shows that Cat (A;) commutes with 77 , and so it follows that the automorphism S(g) o 77 o 
S(g) -1 G Aut(KNP) is independent of the choice of E(g) as a lift of 0(g) . Hence: 

Notation 7.1. The mod-.fr outer action induces an action of Q on the abelian group 
Aut (i^iVP) : an element q G Q sends rj G Aut(i^A^P) to the automorphism S(g) oj;o 
S(g)- 1 G Aut (KiVP) for any choice of a lift £(g) G Aut^(A^) of 0(g) G Out(iV; K) . 

It is clear that this action normalizes the subgroup Zn(Z(K)) . Passing to the quotient, 
one recovers the obvious action of Q on the subgroup Out(KNP; K) of Out(A^;i^) in- 
duced by (given by conjugation in Out(iV; K) ). Since is a prolongation of Op , this 
action becomes trivial when it is restricted to P , as indicated by the following: 

Lemma 7.2. For any 77 G Aut(KNP) and any p G P , one has 

tT 1 o Q P (p) o 77 = Q P (p) m Out(N;K), 

where rj G Out(KNP; K) denotes the image of rj in Out(iV; K) . 



12 CHEEWHYE CHIN 

Proof. Let n £ N be any element such that iro(n) = p in P ; then C^n) £ Aut^(A^) is 
a lift of Q P (p) £ Out(A;iT) . If A £ Z l (P,Z(K)) is the 1-cocycle corresponding to the 
automorphism rj £ Aut(KNP) , then ^ n = X(p)^ 1 • n , whence 

rf l o Cjv(n) o t] = ^ '"nj = C N (X(p))~ 1 o Cjv(n) in Aut^A) , 

in Z N {Z{K)) 

and the lemma follows. □ 

Notation 7.3. The mod- K outer action induces an action of R on Out(KNP; K) : 
an element r £ P sends r/ £ Out(KNP; K) to 0(g) o rj o 0(g) -1 £ Out(AiVP; A) , where 
g £ Q is any element such that 0(g) = r in R . 

Theorem 7.4. Suppose ( KNP , PQR , ) is an iterated extension problem. Then theo- 
rem I5.il applied to the extension (KNP) yields the canonical isomorphism 

-* : Z 1 (P,Z(ii')) — -> Aut(AiVP) which is Q -equivariant. 

A i > ( n i-> A(7To(n)) • n ) 

Pere, £/ie action of Q on Z 1 (P, Z(K)) is given by notation 1 2. 31 while the action of Q on 



Aut(KNP) is given by notation \ 7.1\ In other words, for any q £ Q and any choice of 
a lift S(g) £ Aut K (N) of 0(g) £ Out(N;K) , if A £ Z\P,Z(K)) and 77 £ Aut(PAVP) 
correspond to each other, then q \ £ Z 1 (P, Z(K)) and E(g) o r] o S(g) _1 £ Aut(AiVP) 
correspond to each other. 

Proof. Recall that by the definition 13.71 of an iterated extension problem, the extension 
(KNP) has outer action given by 9\p , and is a (8, Cp) -prolongation of Qp . Therefore, 
the automorphism S(g) £ Aut^-(A) , being a lift of 0(g) £ Out(iV; K) , must induce both 
the action of 6(q) £ Out (if) on Z(K) as well as the conjugation action C P (g) £ Aut(P) 
on P . Suppose A £ Z 1 (P, Z(K)) and rj £ Aut(KNP) correspond to each other. For any 
n £ N , we then have 

( m o n o E(g)-M„ = ^^(^(^"n))^^^)) 



A(g 1 7r (n)g)-n = g A(7r (n)) ■ n in A. 



This shows that q \ E Z X (P, Z(K)) and S(g)or^oS(g) 1 £ Aut(AiVP) correspond to each 
other. □ 

Restricted to the subgroup B 1 (P, Z(K)) of 1-coboundaries, theorem 17.41 asserts that 
when corollary 15.21 is applied to the extension (KNP) , the resulting canonical isomorphism 

-★ : B 1 (P,Z(K)) Z N (Z(K)) is also Q -equivariant. 

dz i > M^ 1 ) 

Note that this is merely a reformulation of the fact that if Zq £ Z(K) and q £ Q , then for 
any choice of a lift S(g) £ Aut#(A) of 0(g) £ Out (A; K) , one has 

E(g) o C^ 1 ) o S(g)- 1 = M^V) = Cjv( % V) m Aut (AiVP) . 
Upon passing to the quotient groups, we obtain: 
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Corollary 7.5. Suppose (KNP , PQR, 9) is an iterated extension problem. Then corol- 
lary \5.3\ applied to the extension (KNP) yields the canonical isomorphism 

-* : H 1 (P, Z(K)) -=-> Out (KNP; K) which is R -eqmvariant. 

Here, the action of R on H l (P, Z(K)) is given by notation \2.J\ while that on Out(KNP; K) 
is given by notation \ 7. 3[ In other words, for any r G R and any q G Q such that 0(g) = r 
in R, if [A] G H 1 (P, Z(K)) and rj G Out(KNP; K) correspond to each other, then 
r [A] G H X (P, Z(K)) and 9(g) o rj o 6(g)" 1 G Out(KNP; K) correspond to each other. 

Definition 7.6. An automorphism rj G Ant k(N) of N is called G -compatible iff for any 
q G Q , one has 

6(g) orjo 6(g)" 1 = rj in Out(iV; K) , 

where rj denotes the image of 77 in Ont(N;K) ; in other words, iff rj G Out(N; K) com- 
mutes with 0(g) for all g G Q . 

If ( KNP , PQR , 9 ) is an iterated extension problem, the automorphisms 77 G Aut (ifiVP) 
of the extension (KNP) which are 9 -compatible will be of particular interest to us; the 
significance of these automorphisms will be explained later in section [10J Thus we introduce 
the group 

(7.7) Aut e (KNP) := { 77 G Aut(KNP) : 77 is 9 -compatible }, 

which contains the subgroup Z N (Z(K)) = E N (K) n Aut(KNP) . Let Out© (KNP; K) 

denote the image of Aute(i^A^P) in Out(iV; K) ; we have 

(7.8) 

Out e (inVP; K) = A p te }^^P = { rj G Out(KNP; K) : for any q G Q, one has 

\j N (Z(K)) _ 

9(g) o r] o 9(g) = 77 }. 

In the situation of corollary 17.5} if A G Z l (P, Z(K)) and 77 G Aut(fCA r P) correspond to 
each other, then 77 is 9 -compatible if and only if the cohomology class [A] G H 1 (P, Z(K)) 
is fixed under the action of R , i.e. if and only if [A] G H 1 (P, Z(K)) R . In other words: 

Corollary 7.9. Suppose ( KNP , PQR , 9 ) is an iterated extension problem. The canoni- 
cal isomorphism (cf. corollary \7.5\ ) obtained by applying corollaru \5.3\ to the extension (KNP) 
restricts to an isomorphism 

-* : H l (P,Z(K)) R — ■» Out @ (KNP;K) C Out(JV;if). 

8. Restriction from H\Q,Z(K)) to H l (P,Z(K)) R 

Let ( G , i , 7r ) be an extension of if by Q with outer action 9 , and denote its P - 
subextension by (KNP) = (N , i , 7r ) . As in definition 11.3} let j : iV c — > G denote the 
canonical inclusion, so that (KNGQR) = ( G , j , ir ) is an iterated extension of (KNP) 
by (PQR) , whose Q -main extension is the given extension (KGQ) = (G , i , n) . Any 
automorphism £ of the extension (KGQ) maps j(iV) C G to itself, because £ induces 
the trivial automorphism on Q . The restriction £|jy of £ to iV is thus a well-defined 
automorphism of the P -subextension (KNP) ; it is characterized by the property that 
3 ' £ I n = £ j as homomorphisms iV c — > G . This gives a canonical homomorphism 

(8.1) Aut(KGQ) >Aut(KNP), £ 1 > £\ N , 

whose kernel is by definition the automorphism group Aut(KNGQR) of the iterated exten- 
sion (KNGQR) . Via the canonical isomorphism of theorem 15.11 applied to the extensions 
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(KGQ) and (KNP) , one sees that this homomorphism corresponds to the restriction map 
of cocycles; i.e. the following diagram commutes: 



Z\Q,Z{K)) 



Z\P,Z(K)) 



thm.lO l\ 



\\ thm.Ol 



Ant(KGQ) 



Ant(KNP). 



Passing to the quotient in cohomology, we obtain a commutative diagram in which the restric- 
tion homomorphism maps ^(Q, Z(K)) into the subgroup H l (P, Z(K)) R C H 1 (P, Z(K)) ; 
this amounts to the following: 

Proposition 8.2. Let : Q >Ont(N;K) be the mod- K outer action of Q on N 

(cf. definition \3.5\) of the iterated extension (KNGQR) . Then for any automorphism 
£ G Ant(KGQ) of the extension (KGQ) , its restriction £\n to N is a -compatible 
automorphism of the extension (KNP) . In other words, the canonical homomorphism 
in ( 18.1 p maps Ant(KGQ) into Ant@(KNP) , and the following diagram commutes: 

H\Q, Z{K)) H\P, Z(K)) R 

cor.\5j\ l\ 

\ 

Ont(KGQ; K) 



\l cor. [7^| 

Ont e (KNP;K). 

Proof. Here is a direct verification of the G -compatibility of £|jy . For any q G Q , we choose 
a lift £(g) G Ant k(N) of 6(g) G Out(A r ; if) and compute the effect of the automorphism 
^(<?) °£,\n ° S(g) _1 G Aut^(iV) on an element n <E N . By definition, £(g) acts on N via 
conjugation by any element g G G such that ir(g) = q in Q . It follows that 

j( ^"^(n)) = g-*(g^-j(n).g).g-i 

in G, 



where z := ^g g 1 in Z(K) . This shows that 



S(g)oe| Ar oS(g)- 1 
which gives what we want. 



c 



N{Z 



JV 



in Aut(ATiVP) 



□ 



Remark 8.3. Suppose an iterated extension problem (KNP , PQR, 0) is given in ad- 
vance, and (G , i , tt) arises as an extension of K by Q with outer action . Let 

N' := 7r _1 (P) , and let 0' : Q > Out(iV'; if ) be the mod- if -outer action induced 

by the conjugation action of G on N' . Proposition 18.21 thus applies and shows that restric- 
tion of an automorphism £ of the extension (KGQ) is a 0' -compatible automorphism 
of its P -subextension (KN'P) . Our given extension (KNP) and the P -subextension 
(KN'P) of (KGQ) are both extensions of K by P with the same outer action 9\p , but 
they need not be isomorphic extensions. However, by theorem 15. 11 the automorphism groups 
Ant(KNP) and Ant(KN'P) of these two extensions depend only on the extension problem 
( K , P , 9\p ) ; they are therefore canonically isomorphic. By identifying these two automor- 
phism groups, we see that proposition [8T2] remains valid as stated, provided that we interpret 
the notation £|jy as referring to the automorphism of the extension (KNP) obtained from 
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the restriction of £ to the P -subextension (KN'P) via the canonical isomorphism between 
Aut(KNP) and Aut(KN'P) . 

By the commutative diagram 16.21 and proposition 18.2} the exactness of 

H\R, Z(K) P ) infl > H\Q, Z{K)) rcs > H\P, Z(K)) r 

in the sequence (11.41) translates as: 

Proposition 8.4. The subgroup Out(KNGQR; K) C Ont(KGQ; K) is the kernel of the 
canonical homomorphism 

Out(KGQ; K) > Onts(KNP]K) induced by the homomorphism (18.11) . 

In other words, if £ G Aut(KGQ) is an automorphism of the extension (KGQ) , its restric- 
tion £|jv to N lies in h N (Z(K)) if and only if there exists z G Z(K) such that £, G (z )o£ 
belongs to Aut(KNGQR) C Aut(KGQ) . 

Proof. Suppose £\n belongs to {jn(Z(K)) ; then £|tv = &n{zq ) in Aut(KNP) for some 
z G Z(K) , and hence the composite automorphism Cg(z ) ° £ of G induces the identity 
on N and on Q , which means that it belongs to Aut(KNGQR) . The converse is clear 
from the fact that Aut(KNGQR) is the kernel of the homomorphism ( 18. ip . □ 

9. H 2 (R,Z(K) P ) AND THE CLASSIFICATION OF ITERATED EXTENSIONS 

Let ( KNP , PQR , G ) be an iterated extension problem (cf. definition 13. 7p . Throughout 
this section, we fix the following choices of: 

a section u : R •> Q of Q — R, 

and a lifting A : R •> AuW(iV) of Q o u : R •> Out(iV; K). 

(Recall that according to the convention we have imposed, sections and liftings are required 
to send the identity element of the source group to the identity element of the target group; 
thus u(1r) = 1q and A(1 R ) = id N .) 

Definition 9.1. A (u, A) -sectioned iterated extension of (KNP) by (PQR) consists of a 
quadruple ( G , j , 7T , u ) , where the triplet (G , j , tc) is an iterated extension of (KNP) 

by (PQR) , and u : R •> G is a section of G — R such that 

7r o u — u as maps R •> Q 

and C^o« = A as maps R •> Aut^(A r ). 

Two such sectioned iterated extensions (Gg, je , ir^ , ug) (for i = 1,2) are isomorphic iff 

there exists an isomorphism of iterated extensions <p : ( G\ , ji , 7i"i ) - > ( G 2 , ji , vr 2 ) such 
that tp o u\ — i*2 as maps ■> G 2 • 

If (G , j , tc , u) is a (u, A) -sectioned iterated extension of (KNP) by (PQR) , its mod- 
outer action is necessarily equal to . Indeed, if we choose a section so : P •> of 

iV ——» P , we can define the map s : Q •> G in terms of u and Sq by setting, for any 

q G Q written in the form q = j(p) ■ u(r) (with p G P and r G R ), 

s(q) ■= j(s (p) ) ■ u(r) in G . 

Then it is clear that s is sections of G — — » Q . The conjugation action of s(q) on 
iV is given by C^(s(g)) = Cjv(s (p)) o A(r) in Aut^(iV) , whose image in Out(A^;i^) is 
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©p(«o(p)) ° ©(«(r)) = 6(g) . Thus o s : Q •> Aut K (iV) is a lifting of , which shows 

that the diagram (13. 6p commutes; this proves our claim. 

Conversely, any iterated extension of (KNP) by (PQR) with mod- K outer action 
can be enriched into a (u, A) -sectioned iterated extension: 

Lemma 9.2. Let (G , j , tt) be an iterated extension of (KNP) by (PQR) with mod- 

K outer action . There exists a section u : R ■> G of G — ^» R such that ( G , j , tt , u ) 

is a (u, A) -sectioned iterated extension. Multiplying u by any map R > Z(K) P results 

in another such section, and all such sections are obtained this way. 

Proof. We start with any section u of (j) . The commutativity of diagram (11.21) shows that 

7tom is a lifting of Q — -» R , and hence ir o u differs multiplicatively from u by a map 

R •> P . Since it sends N surjectively onto P , we can adjust our choice of u by a map 

R ■> N to get 7r o u = u . The commutativity of the diagram (13.61) then implies that 

Cjy o u is a lifting of 0om. Since A is also a lifting of 0om, the two maps o u and 

A differ multiplicatively from each other by a map R •> £>jy(K) ; and since sends 

K surjectively onto Zn(K) , we can further adjust our section u by a map R > K to 

get C^r o u = A , which shows the existence claim. The remaining assertions follow from the 
observation that Z(K) P is precisely the intersection of Z(N) = Ker(CAr) with K = Ker(7r) 
in N . □ 

Let ( G , j , it , u ) be a fixed (u, A) -sectioned iterated extension of (KNP) by (PQR) . 

For any 1-cocycle d G Z 2 (R, Z(K) P ) , let m d : G x G •> G be the map given by the 

product of d((p(— ), <p(— )) with the multiplication map in G ; that is, 

m d (g u g 2 ) := d{(j){g 1 ),4>(g 2 )) ■ gi ■ g 2 in G . 

Lemma 9.3. The underlying set of G given with md as the multiplication map is a group; 
more precisely, the map m d is associative, has 1q as the identity element, and its inversion 
map is given by 

v d : G >G, v d (g) := d(<P(g), ^(g)- 1 )- 1 ■ g~\ 

Moreover, if we let dMG denote the resulting group with m d as multiplication, the maps 
j : iV c — > dMG and tt : dMG — » Q are homomorphisms, and the map u : R > d^ElG 

is a section of dM G — ^» R such that (dM G , j , tt , u) is a (It, A) -sectioned iterated 
extension of (KNP) by (PQR) . 

Proof. For any ji,fej 3 eG, let 

012 := rn d (g 1 ,g 2 ) = d^gx) , <p(g 2 )) ■ g x ■ g 2 
and 5-23 := m d (g 2 , g 3 ) = d(<fi(g 2 ) , (f)(g 3 )) ■ g 2 ■ g 3 in G; 

thus 4>(gi 2 ) = 4>(gi)4>(g 2 ) and (j)(g 23 ) = 4>(g 2 )4>(gz) m R. The cocycle relation satisfied by 
d yields 

m d (m d (g u g 2 ),g 3 ) = d(<p(g 12 ) , <p(g 3 )) ■ g 12 ■ g 3 

= d((f)(gi)(t)(g 2 ), 0(5-3)) ■ d(<p(gi), <p(g 2 )) ■ g 1 ■ g 2 ■ g 3 

= d(<p( 9l ), <P(g 2 )<P(g 3 )) ■ e ^ ]) d(<P(g 2 ), <p(g 3 )) - 9l ■ g 2 ■ g 3 

= 9vd(^>(g2),4>(93))-gi 1 
= 0(5-23)) • 9i -923 = m d (g u m d (g 2 ,g 3 )) in G, 
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which shows that m d is associative. The fact that d(l R ,r) = d(r, Ir) = lz(K) p f° r an Y 
r e R shows that m d (l G ,g) = m d (g, l G ) = g for any g G G . Since <f>(v d (g)) = (j)(g)~ l in 
R , we have 

m d (gM9)) = d{m,m- X )'9' d{cf>{g) , tig)' 1 )' 1 -g' 1 = 1 G in G; 

N v ' 

= r^Wsl.^s)- 1 )- 1 ^ 

this together with the associativity of m d show that we also have m d (v d (g),g) = 1 G in 
G . Thus the underlying set of G given with m d as the multiplication map is a group, 
which we denote as d Kl G from now on. We continue to use the dot-product notation for 
multiplication in G , but every m d -multiplication in d Kl G will be written out explicitly. 
For any n\,n 2 E N and any #1, g 2 G d Kl G , one has 

^d(j( n i)>i( n 2)) = d(l R , l R ) -jinx) ■ j(n 2 ) =j(n 1 n 2 ) in d M G, 

= 1 Z(K)P 

n(m d (g 1 ,g 2 )) = 7r( rf(0(gi), 0(g 2 ))/ gi • g 2 ) = tt(#i) n(g 2 ) in Q, 

in ) p 

and Z%(m d (g^ g 2 )) = Z%(d(^)(g 1 ),(j)(g 2 ))-g 1 -g 2 ) = C^(#i) C^(# 2 ) in Aut^(iV). 

V v ' 

in Z(ftT) p 

These identities show that 

j : N >dMG, it : dMG >Q and : d^G > Aut K (N) 

are homomorphisms. It is then clear that ( d^G , j , ir) is an iterated extension of (KNP) 
by (PQR) . The fact that d(l R) (j)(g)) = d((j)(g), Ir) = lz(K) p means that for any n <E N 
and any g E d M G , one has 

m d (j(^n) , g) = j( C ^n)-g = g ■ j(n) = m d (g,j(n)) in d^G, 
or equivalently, 

j( c °(f) n ) = m d (m d (g,j(n)),v d (g)) = j(^°^n) in diG. 

This shows that is also equal to the conjugation action C^f G of dMG on N . Therefore, 

the map u : R •> d M G is a section of d M G — ^» R satisfying 

7r o u = u as maps R •> Q 

and C^f G o u = A as maps R •> Aut k(N), 

whence ( d M G , j , tt , u ) is a (u, A) -sectioned iterated extension of (KNP) by (PQR) . 

□ 

Theorem 9.4. Lei (G , j , n , u) be a (u,A) -sectioned iterated extension of (KNP) by 
(PQR) . Then the map 

{isomorphism classes of 
(u, A) -sectioned iterated extensions 
of (KNP) by (PQR) 

d l > the isomorphism class of 

(dEl G , j , 7i , u) as defined above 

is a well-defined bijection. 
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Here, Z(K) P is regarded as an R -module via the action 6q as in notation 12.21 Note 
that Z 2 (R, Z(K) P ) depends only on the given data (K , PQR, 9) as in notation 12.11 
whereas the set on the right hand side is defined only when the iterated extension problem 
( KNP , PQR , ) as well as the choices of u and A are given; moreover, the bijection 
itself depends on the choice of (G , j , ir , u) as a (u, A) -sectioned iterated extension (as- 
suming that one exists). 

The above lemma shows that the map — Kl G in question is well-defined; hence the proof 
theorem 19.41 will be accomplished when we show that — M G is injective and surjective. 
Our work is facilitated by the following result, which gives a criterion for showing that two 
sectioned iterated extensions are isomorphic. 

Lemma 9.5. For i = 1,2, let (Gi, jg , irg , ug) be a (u, A) -sectioned iterated extension 

of (KNP) by (PQR) , and let fg:RxR ■> iV be the (left) factor set characterized by 

the property that for any r x ,r 2 E R , one has 

ut(ri) ■ ug(r 2 ) = jg( fe(n, r 2 ) ) ■ ug(r x r 2 ) in Gg . 

Then the two (u, A) -sectioned iterated extensions ( Gg , jg , TTg, Ug) are isomorphic if and 
only if fi = f'2 as maps R x R > iV . 

Proof. First, suppose (p : G\ - > G2 is an isomorphism of (u, A) -sectioned iterated exten- 
sions. For any r\,Ti £ R, applying (p to the identity 

ui(ri) ■ ui(r 2 ) = ji(fi(ri,r 2 ))-u 1 (rir 2 ) in G x 

gives 

u 2 (r x ) ■ u 2 (r 2 ) = j 2 (fi(rx,r 2 ) ) • u 2 (r x r 2 ) in G 2 . 
Comparing this with the identity 

u 2 (rx) ■ u 2 (r 2 ) = j 2 (f 2 (r x ,r 2 ) ) ■ u 2 (r x r 2 ) in G 2 , 

we see that f x = f 2 as maps R x R •> iV . 

Conversely, suppose we have f x = f 2 as maps R x R > N . For i = 1,2, let 

Cjy* : Ge > Aut^(iV) denote the conjugation action of Gg on N , characterized by the 

property that for any g G Gg and any n G iV , one has 

j t ( c ^(9)n) = g-je^-g- 1 in G t . 

By assumption, we have oug = A as maps R •> Aut^(iV) . Next, let ne : Gg •> N 

be the projection map corresponding to the section ui , characterized by the property that 
for any g E Gg , one has 

9 = je(ng(g)) ■ ug((f) e (g)) in Gg . 

Define the map ip : G x > G 2 by setting, for each g E G x , 

<p(9) ■= h(n X (g)) ■ u 2 (<p x (g)) in G 2 . 

Then for any g, g' E G x , 

99' = 3i(n X (g)) ■ u x (<p x (g)) ■ j x (n x (g')) ■ u x ((j) X {g')) 

= Un x (g)) ■ Jx ( ^ lou ^K x ( g ')) ■ Ux (M9)) ■ utiMo')) 

= h{n x (g)- AiM9)) n x (g')-h(M9),M9'))) ■ n x (<j> x (gg')) in G x , 
y ^ ' 

= "1(99') 
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and hence by definition, 

V(gg') = h(ni{g)' AiM9) \(g')-A(M9),M9')))-U2(M99')) m G 2 . 

v 

= ni(gg') 

On the other hand, 

<p(g) f(9') = hinxig)) ■ u 2 (Mg)) • h(ni(g')) ■ u 2 (<pi(g')) 

= j2Mg)). j2 ( ^ 2oU2){M9)) n 1 (g')).u 2 (Mg))-MMg')) 

= j2(n 1 (g) ■ A(M9)) ni (g') ■ f 2 (Mg)Ai(gl)) -MMgg')) mG 2 . 

= n 2 (gg') 

Comparing the final expressions for (p(gg') and <p(g) <p{g') , we see that the assumption 
fi — /2 implies that <p{g) <p{g') = <p{gg') , whence (p is a group homomorphism. Reversing 

the roles of G\ and G 2 then yields a homomorphism G 2 > G\ which is evidently the 

inverse of ip , whence ip is a group isomorphism. The fact that 1^(1^) = lc e (for £ = 1,2) 
means that if g G is of the form g = jg{n) for some n G N , then n^g) = n in iV ; from 
this it follows that ip o j± = j 2 as homomorphisms iV c — > G 2 . The fact that 1T£ o m = u 
as maps R •> Q means that for any g G G\ , 

(7r 2 o <p)(g) = 7r 2 (j 2 (ni(^)) • u 2 (0i(<7))) 

= (jO7T )(ni(</)) • (7T2 OM 2 )(0 1 (^)) 

= (jo7r )(ni(<7)) • (7r x o (5)) 

= 7Ti(ii(«i(^)) • wi(0i(</))) = tti(^) inQ; 

whence 7r 2 o 9? = 7Ti as homomorphisms G\ — » Q . Finally, an element g G Gg of the form 
g = ue(r) for some r G R gives ng(g) = In in iV ; from this it follows that ip o u\ = u 2 

as maps R •> G 2 . Therefore, p : G\ — = -^> G 2 is an isomorphism of (u, A) -sectioned 

iterated extensions. □ 

Proof of theorem \9.4\ For £ = 1, 2 , let G Z 2 (R, Z(K) P ) be a 2-cocycle, which is mapped 
by — IE Cr to the (m, A) -sectioned iterated extension ( dg IEI Cr , j , tt , u ) ; its (left) factor 

set fe:RxR ■> N is then characterized by the property that for any r\,r 2 G R , one 

has 

m dl (u{ri) , u(r 2 )) = m dji ( j(ft(r u r 2 ) ) , «(rir 2 ) ) in d/ H G , 
which, since g?£ is a normalized cocycle, means that 

c^(ri,r 2 ) • u(ri) • u(r 2 ) = j{ ft(r u r 2 ) ) ■ u{r x r 2 ) in G . 

If the two (u, A) -sectioned iterated extensions ( Ge , je , Kt , Ug) (for £ = 1,2) are isomor- 
phic, then fx = f 2 as maps Rx R > iV by lemma l9~5|. from which it follows that d\ = d 2 

as 2-cocycles R x R •> Z(K) P . Hence the map — M G is injective. 

We now show the surjectivity of -BG. Let ( G* , j* , tt* , u* ) be any (u, A) -sectioned 

iterated extension of (KNP) by (PQR) . The (left) factor sets / : R x R •> N and 

/* : RxR > N of ( G , j , 7r , u) and ( G* , j* , tt* , u*) are characterized by the property 

that for any ri,r 2 G R , one has 

(9.6) w(ri)-w(r 2 ) = j( f(n, r 2 ) ) ■ u(nr 2 ) in G 

(9.7) and u*(n) ■ u*(r 2 ) = f( f*(r h r 2 ) ) • u*(nr 2 ) in G* . 
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Applying the homomorphisms and to equations (19. 6p and (19. 7p respectively, we 
obtain 

CS(j(/(n,r 2 ))) = A^joA^oA^)- 1 = C^(r(r(n,r 2 ))) in Aut*(iV) , 

which shows that /* = d ■ f for some map d : R x R •> Z(N) . On the other hand, 

applying the homomorphisms tt and tt* to equations (I9.6P and (19. 7p respectively, we have 

n(j(f(n,r 2 ) )) = u(rx) u(r 2 )M(r 1 r 2 ) _1 = 7r*( /*(n, r 2 ) ) ) in Q , 

which implies that d = f* ■ f" 1 takes values in Z(N) (1 K = Z(K) P . The associativity 
of multiplication in G and G* shows that the factor sets / and /* satisfy the same 
"non-abelian cocycle" relation: for any ri,r 2 ,r 3 G R , one has 

f(ri,r 2 )f(r 1 r 2 ,r 3 ) = Mn) f(r 2 , r 3 ) f(r u r 2 r 3 ) 

and /*(ri,r a ) f*(r 1 r 2 ,r 3 ) = A(ri) f*(r 2 , r 3 ) /*(n, r 2 r 3 ) in A. 

These and the fact that the automorphism A(ri) of A induces the automorphism #o( r i) 
of Z(K) P imply that 

d(r u r 2 ) d(r ± r 2 ,r 3 ) = e ° (ri) d(r 2} r 3 ) d(n, r 2 r 3 ) in Z(ff) P ; 

thus d: Rx R > Z(K) P is a 2-cocycle. The map -MG sends d G Z 2 (,R, Z(fsT) p ) to 

the isomorphism class of the (u, A) -sectioned iterated extension (dMG , j , it , u ) , whose 

corresponding (left) factor set f : Rx R •> N is characterized by the property that for 

any r% , r 2 6 R , one has 

m d (u(ri) , u{r 2 )) = m d (j(f'(r 1 ,r 2 )) , u(rir 2 ) ) in dMG , 

which is to say 

d{r u r 2 ) ■ w(ri) ■ u(r 2 ) = j( /'(n, r 2 ) ) • w(rir 2 ) in G. 

Comparing this with equation (19. 6p . we see that f' — d-f — f* as maps Rx R > N . 

Lemma 19.51 can now be applied to show that ( d IE G , j , tt , u) and ( G* , j* , ir* , u*) are 
isomorphic (u, A) -sectioned iterated extensions. Hence the map — IE G is surjective. □ 

Remark 9.8. The proof shows that the inverse of the bijection — E G of theorem 19.41 is 
given by 

isomorphism classes of ) 

(u, A)-sectioned iterated extensions > ~ > Z 2 (R,Z(K) P ), 
of (KNP) by {PQR) J 

, / (n,r 2 ) ^ f{u'{r x ),u'(r 2 ))- \ 

(G , j , n' , u') i > , 

\ /(M(ri),M(r 2 )) y 

where / and /' are the (left) factor sets of ( G , j , 7r , u ) and ( G' , j' , ir' , u') respectively. 

Definition 9.9. Two (u, A) -sectioned iterated extensions ( Gi , ji , ir^ , u^) of (KNP) 
by (PQR) are equivalent iff the underlying iterated extensions ( , , 7t^ ) (without the 
sections) are isomorphic. 

By lemma 19. 2\ it follows that an equivalence class of (u, A) -sectioned iterated extensions 
of (KNP) by (PQR) is the same as an isomorphism class of iterated extensions of (KNP) 
by (PQR) with mod- K outer action G . 
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Lemma 9.10. Let (G , j , tt , u) be a (u,A) -sectioned iterated extension of (KNP) by 

(PQR) . Multiplying the section u by any 1-cochain z : R ■> Z(K) P results in another 

section z ■ u such that ( G , j , n , z ■ u ) is a (u, A) -sectioned iterated extension of (KNP) 
by (PQR) , which is equivalent to ( G , j , ir , u ) by construction. Conversely, any (u, A) - 
sectioned iterated extension of (KNP) by (PQR) which is equivalent to ( G , j , ir , u ) is 
isomorphic to one obtained this way. 

Proof. It is clear that z ■ u : R •> G given by (z ■ u)(r) := z(r) u(r) is also a section of 

G — ^» R , and because z takes values in Z(K) P = Z(N) n K , we have 

7r o (z ■ u) = u as maps R •> Q 

and C^r o (z ■ u) = A as maps R •> Aut k(N). 

This shows that (G , j , ir , z ■ u) is also a (m, A) -sectioned iterated extension of (KNP) 
by (PQR) . By definition, any (u, A) -sectioned iterated extension of (KNP) by (PQR) 
which is equivalent to ( G , j , tt , u ) must be isomorphic to (G , j , n , u' ) for some section 

u' : R •> G of G — » R ; and since 

7r o u' — u = 7i o u as maps R •> Q 

and C^o«' = A = o u as maps R •> Aut^(iV), 

it follows that u' and u differ multiplicatively by some 1-cochain z : R •> Z(K) P . □ 

Corollary 9.11. The bisection — Kl G of theorem \9.J\ restricts to a bisection 

isomorphism classes of 
n tz>i ( d r 7 , T s\P\ - J C"> ^-sectioned iterated extensions 

■ ^h.z(h) ) — > <; ofiKNP)b y(pQ R) 

which are equivalent to (G , j , tt , u) 

dz I > the isomorphism class of 

(G , j , 7r , z ■ u) as defined above, 

where dz denotes the 2-coboundary dz(ri,r 2 ) := z(r\) ■ 'z(r 2 ) ■ z(rir 2 )~ 1 for any 1- 
cochain z : R ■> Z(K) P . 

Proof. For any 1-cochain z : R •> Z(K) P , the 2-coboundary dz e B 2 (R,Z(K) P ) is 

mapped by — Kl G to the isomorphism class of the (u, A) -sectioned iterated extension 

( dz £3 G , j , 7r , u) , whose corresponding (left) factor set /' : R x R •> iV is given 

by /' = (dz) ■ f , where / is the (left) factor set of ( G , j , tt , u ) . On the other hand, 

if f":RxR ■> iV is the (left) factor set of the (u, A) -sectioned iterated extension 

(G , j , 7r , z ■ u) , then for any r±, r 2 G R , one has 

z(ri)u(r x ) ■ z(r 2 )u(r 2 ) = j( f"(n,r 2 )) ■ z(r x r 2 ) u(nr 2 ) in G. 

Since z(r\r 2 ) G Z(K) P commutes with j(/"(r 1 ,r 2 ) ) G N , this shows that 

dz(r x ,r 2 ) ■ u(r x ) ■ u(r 2 ) = z^ir^' 1 ■ z(r x ) ■ 9o( - Tl) z(r 2 ) ■ u(r x ) ■ u(r 2 ) 

= z^ir^ 1 ■ z(r{) ■ u(r x ) ■ z(r 2 ) ■ u(r 2 ) 

= i(f"(r 1 ,r 2 ))-u(r l r 2 ) in G. 

Comparing this with equation (19.61) . we see that f" = (dz) ■ f = f as maps Rx R •> iV . 

Lemma 19.51 can now be applied to show that ( dz Kl G , j , 7T , u ) and (G , j , ix , z ■ u) are 
isomorphic (u, A) -sectioned iterated extensions. □ 
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Lemma 19.21 and theorem 19.41 show that Z (R, Z(K) ) acts transitively (from the left) 
on the set of isomorphism classes of iterated extensions of (KNP) by (PQR) with mod- 
K outer action , while corollary 19.111 shows that the stabilizer subgroup of any given 
isomorphism class is B 2 (R, Z(K) P ) . Hence we have: 

Corollary 9.12. Let (G , j , it) be an iterated extension of (KNP) by (PQR) with mod- 
K outer action 6 . The bijection — IE G of theorem \9.4\ induces a bijection 

{isomorphism classes of 
iterated extensions 
of (KNP) by (PQR) 
with mod-K outer action 

which is independent of the auxiliary choice of the pair (u, A) . 

Notation 9.13. For any pair of iterated extensions (G , j , it) and ( G' , j' , 7r' ) of (KNP) 

(G' j' 7r') 

by (PQR) with the same mo d- K outer action 6 , let -. - ' G H 2 (R,Z(K) P ) denote 

(G,j,7r) 

the unique cohomology class [of] such that ( G' , j' , ir' ) is isomorphic to ( d^G , j , 7r ) for 
any 2-cocycle d G Z 2 (R, Z(K) P ) belonging to the cohomology class [d] . We also write 

( G' , j' , 7r' ) S [d] M ( G , j , 7T ) as iterated extensions of (KNP) by (PQi?) . 

10. Transgression from H\P,Z(K)) r to H 2 (R,Z(K) p ) 

The transgression homomorphism 

tgr : ff^P, Z(K)) R — > P 2 (i?, Z(K) P ), [A] I > tgr[A], 

which appear in the exact sequence (11.41) . arises from the E% -spectral sequence for the 
extension (PQR) with coefficients in Z(K) ; let us first recall its explicit description. 
Given [A] G P 1 (-P, Z(K)) R , we choose a 1-cocycle A G Z 1 (P, Z(K)) representing it. Let 

w : Q •> Z(K) be any 1-cochain such that w\p = A and such that dw factors through 

R x R and takes values in Z(K) P . Then w defines a 2-cocycle d\ : R x R ■> Z(K) P 

(for the action 9 as in notation 12.21) characterized by the property that for any q 1 , q 2 G Q , 
one has 

d\(<f>(qi) , 0(&)) = dw(q u q 2 ) = w(q x ) ■ e{qi) w(q 2 ) ■ w(q 1 q 2 y 1 in Z(iT) p . 

The cohomology class [of\] in H 2 (R, Z(K) P ) is independent of the choices of the 1-cocycle A 
and the 1-cochain to with the above properties. The transgression image of [A] is then 
defined as 

tgr[A] := [d x ] in H 2 (R,Z(K) P ). 

The existence of a 1-cochain w with the above properties can be established by the following 

construction. Choose a section u : R > Q of Q — ^» R . The R -invariance of [A] means 

that we can choose a map z : R •> Z(K) such that for any r £ R and any p G P , one 

has 

(10.1) e( " W) A (^(r)- 1 ^)) = ^(r)- 1 • 9lp{p) z(r) ■ X(p) in Z(K) . 

We define w : Q > Z(K) by setting, for any q £ Q written in the form q = j(p) ■ u(r) 

(with p G P and r G i? ) , 

io(g) := A(p) • 9lp[p) z(r) = z(r) ■ mr)) X(u(r)~ l pu(r)). 
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One verifies that the 1-cochain w as defined has the required properties. The resulting 
2-cocycle d\ : R x R •> Z(K) P is then given by 

(10.2) dx(r 1 ,r 2 ) = z{r x ) • e(u(ri)) z(r 2 ) ■ z(r 1 r 2 y 1 ■ ( ( 1 (u(r 1 r 2 y 1 u{r 1 )u{r 2 ) ) 1 . 

The transgression homomorphism can be interpreted in terms of the iterated extensions. 
The discussion is facilitated by the following general result. 

j 

Lemma 10.3. Let G be a group, and let N c > G be the inclusion homomorphism of 

a normal subgroup. Let 77 G Aut(iV) be an automorphism of N . The group G acts by 
conjugation on N in two ways: 

: G >Aut(iV) and Cj" : G >Aut(iV), 

characterized by the property that for any g G G and any n G N , one has 

j^N(g) n ^ _ g-j^-g' 1 and (j o rj) ( c °'"^n) = g ■ (j o rj)(n) ■ g' 1 in G . 
Then and C^- ,,? satisfy the following relation: for any g G G , one has 

£n' V (9) = V' 1 ° MflO ° V m Aut(JV) . 

Proof. By the characterizing property of C JV '' 7 , we have to show that for any g G G and any 
n G N , one has 

(p^fo-'oCSMo^j = g ■ ( 3 o v )(n) ■ g- 1 in G. 

Since 77 G Aut(iV) is an automorphism, we may write n' = v n and reduce ourselves to 
showing that for any g G G and any n' G N one has 

jf^n') = g-j^-g- 1 in G ; 

but this holds by the characterizing property of . □ 

Let (KNP , PQR, 0) be an iterated extension problem (cf. definition 13.71) . and let 
(G , j , 7r ) be an iterated extension of (KNP) by (PQR) with mod- outer action . 
For any automorphism 77 of the extension (KNP) , we can pre-compose the inclusion 
j : iV c — > G with the automorphism 77 to obtain a "twisted" inclusion 

jv ■ ]\f c — > given by j 11 := j o 77. 

The inclusion j 77 has the same image in G as j does, and the fact that 77 induces the 
trivial automorphism on K and on P means that (G , j v , tc) is still an iterated extension 
of (KNP) by (PQR). Its mod- K outer action 0^ is defined by the "twisted" conjugation 
action £> N ' V of G on iV in the notation of lemma [1073], so that the diagram (13T6|) with C^,0 
replaced by C JV '' 7 , 0^ still commutes and has exact rows. It follows from lemma 110.31 that 
for any q G Q , one has 

0%) = f o 0(g) or? in Out(iV; K) , 

where rj denotes the image of 77 in Out(iV; K) ; in the terminology of definition ll5.3l to be in- 
troduced later, this says that the "twisted" mod- K outer action is an Aut (ifiVP) -conjugate 
of . Referring back to definition I7.6[ we see that the iterated extension (G , j v , tt) has 
as its mod- K outer action if and only if the automorphism 77 G Aut(KNP) is 0- 
compatible. 

The group Aute(i^iVP) of -compatible automorphisms (cf. ( I7.7|l ) of the extension 
(KNP) thus acts (from the right) on the set of isomorphism classes of iterated extensions 
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of (KNP) by (PQR) with mod- K outer action 6, sending 77 £ Aute^iVP) to the 
isomorphism class of (G , j 11 , tt) . Moreover, if the automorphism rj £ Aute(ifAP) is of 
the form 77 = Cjvf^o" 1 ) f° r some £ Z(K) , the resulting iterated extension (G , j v , ir) is 



isomorphic to ( G , j , tt ) via Cg(^o) 
map 



G > G . Hence (cf. f )7.8p ) we have a well-defined 



Out e (KNP; K) 



(10.4) 



isomorphism classes of 
iterated extensions 
of (KNP) by (PQR) 
with mod- A outer action B 



rj h 



G,f 



TT 



for any r] £ Aut e (AiVP) 
mapping to rj £ Oute (KNP; K). 



Proposition 10.5. Let [A] £ H 1 (P, Z(K)) R be an R -invariant cohomology class, repre- 
sented by the 1-cocycle A £ Z 1 (P,Z(K)). Let rj £ Aute(AiVP) be the 6 -compatible 
automorphism of the extension (KNP) corresponding to A . For any iterated extension 
( G , j , 7r ) of (KNP) by (PQR) with mod- K outer action , consider the iterated ex- 
tension (G , j v , 71 ) obtained by twisting the inclusion j by t] , so that j' n :— j ' o r) . Then 

(G,f,n) 



tgr[A] 



m H 2 (R,Z(Ky 



(G,j, tt) 

In other words, the following diagram commutes: 

H\P, Z(K)) R ^ > H 2 (R, Z(K) P ) 



cor.rnn i\ 



Ont e (KNP;K) 



not 



2G \i cor. [9~12\ 

isomorphism classes of 
iterated extensions 
of (KNP) by (PQR) 
with mod-K outer action 



Proof. Choose a section u : R •> Q of Q — » R , and choose a lifting A : R •> Aut^(A^) 

of Qou : R > Out (A; K) . Let u : R •> G and vP : R > G be sections of G R 

chosen by applying lemma 19.21 to the iterated extensions (G , j , tt) and (G , j v , tt) re- 
spectively, so that 

< n as maps R •> Q, 



TT O U 



TT O U ' 



U = 

and C^oa = A = o u v as maps R •> Aut^(A^). 

We note in passing that these relations only determine the sections u and u v modulo 
Z(K) P . Thus (G , j , tt , u) and ( G , j v , 7T , m 77 ) are (u, A) -sectioned iterated extensions 

of (KNP) by (PQR) . Their (left) factor sets / : R x R •> iV and p:RxR •> N 

are characterized by the property that for any ri,r 2 £ R , one has 

(10.6) u(r 1 )-u(r 2 ) = j( f(n,r 2 )) ■ u(r 1 r 2 ) 

(10.7) and u"(n) • vP{r 2 ) = f( P(r u r 2 )) ■ vP( ri r 2 ) in G. 
By theorem 19.41 and remark |9T8| there is a 2-cocycle d : Rx R •> Z(K) P such that 

P = d - f as maps Rx R ■> A, 
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(G,j v 7r) 

and by notationlHIISl the cohomology class of d is precisely [d] = — ; — ^— — in H 2 (R, Z(K) P ) 

By definition I7.6[ the fact that r\ is G -compatible means precisely that we can choose a 
map z : R •> Z(K) such that for any r E R , one has 

(10.8) A(r) o^o A(r)- 1 = C^rT 1 ) o V in Ant (KNP) . 

The map z is the same as that in equation (110.11) . and so it can be used in (110.21) to 
determine the transgression image tgr[A] of [A] . We claim that z can be interpreted as the 
multiplicative difference modulo Z{K) P between the two sections u and u v , in the sense 
that for any r G R , one has 

vP(r) = z(r) ■ u(r) in Z(K) modulo Z(K) P . 

To see this, we merely have to check that the map r i— > z(r) - u(r) satisfies the same relations 
which determine u v modulo Z(K) P ; and indeed, we have 

7r( z(r) ■ u(r) ) = ir(u(r)) = u(r) in Q 

and C^ ,r? ( z(r) ■ u(r) ) = 7/ _1 o C^( z(r) • -u(r)) ) o 77 

= r/^ 1 o C^(z(r)) o A(r) o 7] = A(r) in Aut K (N), 

where the last equality is obtained by rewriting equation (110. 8p . We note that in both 
equations (llO.ip and (HO.Sp . the map z is only determined modulo Z{K) P ; we are free 

to multiply it by any map R •> Z(K) P . Accordingly, we shall assume that the map 

z : R •> Z(K) has been chosen so that u n = z ■ u as maps R •> G . 

To evaluate the 2-cocycle d explicitly, we shall compute 
(10.9) 

i(d(n,r 2 )) = /(/"(n,^)-/^,^)- 1 ) = f(P(r h r 2 )) • j( "(/(n, r 2 ) ) T 1 m G . 
Thanks to our (justified) assumption that u v = z ■ u , we can proceed to rewrite (110.71) as 
f{ Pin, r 2 ) ) = z(ri)u(n) ■ z{r 2 )u{r 2 ) • u^xr^' 1 z^^y 1 

= z(ri) ■ e ^ u( ~ Tl ^ z(r 2 ) ■ u(r\) u(r 2 ) -u(rir 2 ) _1 ■ z{r\r 2 y l 
(10.10) = z(n) ■ ^ ]) z{r 2 ) ■ j(f(n,r 2 )) ■ zinr,)- 1 in G, 

where the last equality holds acoording to (110.61) . Next, equation (110.81) and the relation 
C^r o u = A gives 

£ N (u(rir 2 )) o r] o C^(u(rir 2 )) _1 = Z N {z(rir 2 )~ 1 ) o rj in Ant(KNP) , 
which we now apply to the element /(ri,r 2 ) E N to get 

\u{r x r 2 ) •j{f{r 1 ,r 2 ))-u(r 1 r 2 )) 

= z^ir^ 1 ■ j( v (f(r 1 ,r 2 ))) ■ z(nr 2 ) in G. 

We expand (only) the left hand side using the fact that the automorphism rj E Ant(KNP) 
corresponds to the cocycle A G Z 1 (P, Z(K)) . Since 7io(f(r 1 ,r 2 ))=u(ri)u(r 2 )u(r 1 r 2 )~ 1 in 
P according to (110. 6p . we see that z{rir 2 )~ l ■ j( v ( /(r 1; r 2 ) ) ) • z{rir 2 ) is equal to 

u{nr 2 ) ■ A( u(rir 2 )~ l u(n) u(r 2 ) ) ■ ^ u(rir 2 ) _1 ■ j(f(r 1 , r 2 )) ■ u{rir 2 ) j • u(rir 2 ) _1 in G , 
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and hence 

(10.11) j{\f{n,r t ))) 

= z{r 1 r 2 ) - e{a{ " ir2)) K^{ r i r 2Y 1 u(r 1 )u{r 2 ))-]{f{ri,r2))-z(r l r 2 y i in G. 
Substituting ( I1U.1UI) and (I1U.11I) into (TTUT^T) . we obtain 

d(rx,r 2 ) = z( ri )- e{Mri) h(r 2 )- mrir2) h(^^ in Z(K) P . 

This coincides with the 2-cocycle d\ : Rx R > Z(K) P obtained in equation (|10.2p . which 

represents the transgression image tgr [A] G H 2 (R, Z(K) P ) of [A] G H X (P, Z(K)) R . From 

this we conclude that tgr [A] = [d] = y^^v in r2 ( r ^ z ( k ) P ) • D 

[G,J, IT) 

By propositions 18.21 and 110.51 the exactness of 

Z(AT)) rcs > ^(P, Z(A)) fi tgr > H 2 (R, Z(K) P ) 
in the sequence (II. 4p translates as: 

Proposition 10.12. Let ( G , j , 7r ) fe an iterated extension of (KNP) by (PQR) with 
mod- K outer action O, and let rj G Aut(AAP) be a -compatible automorphism of the 
extension (KNP) . Then the iterated extension ( G , j v , ir ) zs isomorphic to (G , j , n) if 
and only if there exists an automorphism £ G Aut(iTG r Q) o/£/ie Q -main extension (KGQ) 
such that rj is the restriction £|jv of £ to N . 

Proof. This can be seen directly as follows. If £ G Aut(KGQ) is any automorphism of the 

Q -main extension (KGQ) , then one already has £ o 7r = 7r ; hence £ : G — G is an 
isomorphism between the iterated extensions (G , j , 7r ) and (G , j v , n) if and only if one 
also has ^°j=j v =j°i], which is the case if and only if £,\n = V i n Aut(KNP) . □ 

11. H 2 (Q,Z(K)) AND THE CLASSIFICATION OF EXTENSIONS 

Consider the extension problem ( K , Q , 6) deduced from our given data ( K , PQR , 6 ) 
in notation 12.11 Throughout this section, we fix the choice of 

a lifting 5 : Q •> Aut(K) of 6 : Q > Out (AT). 

The results of section [9] specialize to analogous results for the extension (KGQ) by putting 
P = {1} and hence R = Q , (f> = tt , and N = K , j — i . We state these results in this 
section for later references. 

Definition 11.1. A 5 -sectioned extension of K by Q is a quadruple ( G , % , 7r , s ) , where 

the triplet ( G , z , it ) is an extension of K by Q , and s : Q •> G is a section of G — » Q 

such that 

C^- o s = 5 as maps Q > Aut(A). 

Two S -sectioned extensions ( Gg , %i , 7Tg , sg) (for £ = 1,2) are isomorphic iff there exists 

an isomorphism of extensions if : ( G\ , %\ , 7T\ ) - > ( G 2 , i 2 , ir 2 ) such that fosi = s 2 as 

maps Q •> G2 . They are equivalent iff the underlying extensions (Gg, %i , lit) (without 

the sections) are isomorphic. 
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The outer action of a 5 -sectioned extension is necessarily equal to 9 ; conversely, any 
extension of K by Q with outer action 9 can be enriched into a 5 -sectioned extension 
(because maps K surjectively onto \mx{K) ). Thus, an equivalence class of 5 -sectioned 
extensions of K by Q is the same as an isomorphism class of extensions of K by Q with 
outer action 9 . 

Let ( G , i , 7r , s ) be a fixed 5 -sectioned extension of K by Q . For any 1-cocycle 
e G Z 2 (Q, Z{K)) , let m e : G x G •> G be the map given by 

m e (g 1 ,g 2 ) ■= e(Tc(g 1 ),Tc(g 2 )) ■ gi ■ g 2 in G. 

As in lemma |9~U| one shows that the underlying set of G given with m e as the multiplication 
map is a group, and that if e K G denotes the resulting group with m e as multiplication, 
the maps i : K c > e K G and 7r : e K G » Q are homomorphisms, and the map 

s : R •> e K G is a section of e Kl G — -» R making (e§G, i, 7r, s) a 5 -sectioned 

extension of by Q . As in lemma 19.101 multiplying the section s by any 1-cochain 

z : R •> Z(K) results in another section z ■ s such that ( G , i , 7T , z ■ s ) is a 5 -sectioned 

extension of K by Q , which is equivalent to ( G , i , 7r , s ) by construction; and conversely, 
any 5 -sectioned extension of K by Q which is equivalent to ( G , i , 7T , s ) is isomorphic 
to one obtained this way 

Theorem 11.2. Let ( G , i , 7T , s ) be a 5 -sectioned extension of K by Q . Then the map 

IEI G ■ Z 2 fG Z(K)) - > { i somor Phism classes of 1 
^ ^ " 1 5-sectioned extensions of K by Q J ' 

e i > the isomorphism class of 

(elEG,z,7r,s) as defined above 

is a well-defined bisection, whose inverse is given by 

( isomorphism classes of 1 ~ ^ z 2 (0 Z(K)) 

1 S -sectioned extensions of K by Q J 

v , „ / «•) ^ ftV(ft)y(<h))- 

( G' , / , 7r' , ) I > ! 

\ fr(s(ft),s(ft)J 
where h and h' are the (left) factor sets of (G , i, tt , s) and ( G' , i' , tt' , s' ) respectively. 
Corollary 11.3. 27ie bisection —KG of theorem \11.2\ restricts to a bisection 

{isomorphism classes of 
5-sectioned extensions of K by Q 
which are equivalent to ( G , i , 7T , s ) 

(9^ i > i/ie isomorphism class of 

(G , i , ir , z ■ s) as defined above, 

where dz denotes the 2- coboundary dz(qi,q 2 ) '■= z(qi)- 9( - qi ^ z(q2)-z(qiq 2 )~ 1 for any 1-cochain 
z : Q > Z{K) . 

Corollary 11.4. Let (G, i, ir) be an extension of K by Q with outer action 9 . The 
bisection —KG of theorem \11.2\ induces a bisection 

isomorphism classes of 
G : H 2 (Q,Z(K)) { extensions of K by Q 

with outer action 9 
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which is independent of the auxiliary choice of the lifting 5 . 

and ( G , i' , it' ) of K by Q with 

the same outer action 9 , let , — — — £ 



Notation 11.5. For any pair of extensions ( G , i , 7r 

H 2 (Q,Z(K)) denote the unique cohomology 



(G,i,7T) 

class [e] such that ( G' , i' , it' ) is isomorphic to (e^G,i,7r) for any 2-cocycle e £ 
Z 2 (Q, Z(K)) belonging to the cohomology class [e] . We also write 

(G'i'n 1 ) [el 



7T 



as extensions of K by Q • 



Remark 11.6. Corollary 111.41 appears as theorem 11.1 in |EM47b] . proven there directly 
(i.e. without going through Z 1 and B l ) by means of a generalization of the Baer-product 
construction for group extensions (cf. [EM47b] §5). 

12. Restriction from H 2 (Q,Z(K)) to H 2 (P,Z(K)) 

Let ( G , % , 7r ) be an extension of K by Q with outer action 9 , and let ( iV , i , ir ) 
denote its P -subextension (cf. definition 11.31) . If ( G" , i' , vr') is any extension of K by Q 
with the same outer action 9 , its P -subextension ( iV 7 , i' , 7Tq ) has the same outer action 
as ( N , i , 7r ) : they are both given by the restriction 9\ P of 6* to P . Hence we have a 
well-defined map 

isomorphism classes of 1 ( isomorphism classes of 

extensions of K by Q > > < extensions of K by P 

with outer action 9 I I with outer action 9\p 



[12.1] 
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N',i' , 



7Tn 



By corollary 111.41 applied to the extensions (KGQ) and (KNP) , there exist unique coho- 
mology classes 

ri . (C, i', 7r') 



(G,i,7r) 



£ H 2 {Q,Z{K)) and [e ] 



(^^o^o) 

(iV, 2 ,7To) 



£ H 2 (P,Z(K)) 



such that 



G'i'. 



and 



AT' 



7T 



5 '0 J ^0 



NK(G,Z,7T) 

[e ]ia(JV, 2 , vr ) 



as extensions of by Q 
as extensions of if by P. 



Proposition 12.2. The restriction homomorphism res in cohomology maps [e] to [eo] 
In other words, the following diagram commutes: 



H 2 (Q,Z(K)) 



H 2 (P,Z(K)) 



cor. [TT~4\ l\ 



-KG 



-BAT 



I; 



•ma 



isomorphism classes of 
extensions of K by Q 
with outer action 9 



isomorphism classes of 
extensions of K by P 
with outer action 9\p 



Proof. Choose a lifting 5 : Q •> Aut(K) of 9 : Q > Out (if) . Since Z% sends K 

surjectively onto Inn(if) , we may choose sections s : Q •> G and s' : Q •> G' of 

G — -^» Q and G — » Q respectively, such that 

o s = 5 = C; 



J K OS 



as maps Q •> Aut(if); 
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Thus ( G , i , 7T , s ) and ( G' , i' , tc' , s' ) are 5 -sectioned extensions of by Q . Their 

factor sets h : Q x Q •> K and h' : Q x Q •> K are characterized by the property 

that for any q x , q 2 G Q , one has 

s(qi) ■ s(q 2 ) = i( %i, q 2 ) ) ■ s{q x q 2 ) in G 

and s'(gi) • s'(q 2 ) = i'(h'(q 1 ,q 2 ) ) • s'{q x q 2 ) in G' . 

By theorem lll.2[ there is a 2-cocycle e : Q x Q •> Z(K) such that 

b! = e ■ h as maps Q x Q •> K, 

(G 1 i' 7r') 

and by notation[TT31 the cohomology class of e is precisely [e] = —. — j — in H 2 (Q, Z(K)) . 

Let s : P > N and s' : P > N' be the restrictions to P of s and s' respectively, 

characterized by the property that 

j o so = so] as maps P •> G and josq = s'oj as maps P •> G' . 

These are sections of iV — S» P and N' — S>> P respectively, satisfying 
C^os = S\p = o s' as maps P •> Aut(fT), 

where S\p : P c > Q •> A\xt[K) denotes the restriction of 5 to P ; it is a lifting of 

0| P . Hence (iV , %q , 7r , So ) and ( N' , i' Q , 7r , s ) are <5|p -sectioned extensions of K by 

P. Evidently, their factor sets are given by the restrictions h\p : P x P > K and 

h'\p : P x P >K of h and ft/ to P x P respectively. From the relation between h 

and h! , it follows that h\p and h'\p satisfy 

h'\p = e\p ■ h\p as maps P x P •> K, 

where e\p : P x P ■> Z(K) is the restriction of e to P x P . By theorem 111.21 and 

notation 111.51 applied to the extension (KNP) , it follows that e\p G Z 2 (P, Z(K)) is a 

(N' in 7Tn) 

2-cocycle belonging to the cohomology class [e ] = 7 — — — — -r- in H 2 (P, Z(K)) . Hence 

(iV.zo.7ro) 

res([e]) = [e ] in H 2 (P,Z(K)). 

□ 

13. Hp(Q,Z(K)) AND THE CLASSIFICATION OF EXTENSIONS WITH A GIVEN 

P -SUBEXTENSION 

Let ( G , % , 7T ) and ( G' , i' , tt' ) be extensions of by Q with outer action , and let 
( N , io , 7T ) and ( JV' , i , 7T ) be their P -subextensions, as in the previous section. Recall 
that we have defined 

H 2 (Q,Z(K)) := Kei(H 2 {Q,Z{K))^H 2 {pZ{K))). 
Thus, if [e] := ' r- G H 2 (Q,Z(K)) is the cohomology class such that 

(G,2,7T) 

(G' , i' , tt') = [e]M (G , i , tt) as extensions of K by Q , 

then by proposition 112.21 the cohomology class [e] belongs to Hp(Q, Z(K)) if and only if 

( N' , i' , 7t ) = ( iV , z , 7r ) as extensions of K by P . 

Hence: 
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Theorem 13.1. The bijection of corollary 11. 4 restricts to a bijection 

isomorphism classes of 
extensions of K by Q 
with outer action 9 
whose P-subextension 
is isomorphic to ( N , Zq , 7Tq ) 



G : H P (Q,Z(K)) 



> . 



14. Inflation from H 2 (R,Z(K) p ) to H 2 p (Q, Z(K)) 

Let ( G , j , 7r ) be an iterated extension of (KNP) by (PQR) , whose Q -main exten- 
sion ( G , % , 7r ) has outer action 9 . By definition, the P -subextension of (G , i , it) is 
(KNP) — ( iV , zq , 7Tq ) . Let © denote the mod- outer action of the iterated extension 

(G , j , 7T ) . 

Now let ( G" , j' , 7r' ) be any iterated extension of (KNP) by (PQR) with the same 
mod- .ft" outer action O . Its Q -main extension ( G' , i' , n' ) is then an extension of K 
by Q whose outer action is also 9 ; moreover, by construction, the P -subextension of 
( G' , i' , tt' ) is equal to (KNP) = (N , i , tt ) as well. Hence we have a well-defined map 
(14.1) ' 



isomorphism classes of 
iterated extensions 
of (KNP) by (PQR) 
with mod-.K" outer action O 



isomorphism classes of 
extensions of K by Q 
with outer action 9 
whose P-subextension 
is isomorphic to (N , i , tt ) 

(G',i',7T'). 

By corollary 19 . 1 21 applied to the iterated extension (KNGQR) and by theorem 113. 11 applied 
to the extension (KGQ) , there exist unique cohomology classes 

(GV,7T') 



(G',f,n') h 



[ d ] := {G ^ J ': 7T ' ) e H 2 (R,Z(K) P ) 



(G,j,7T) 



and 



[e] 



(G,i,n) 



G H 2 P (Q,Z(K)) 



such that 



and 



(G',j',7r') 
tt') 



[d] M(G , j , it 

[e] ®(G,i,7r) 



as iterated extensions of (KNP) by (PQR) 
as extensions of K by Q. 



Proposition 14.2. The inflation homomorphism infl in cohomology maps [d] to [e] . In 

other words, the following diagram commutes: 

infl 



H 2 (R } Z(KY 



H 2 P (Q,Z(K)) 



cor. Wm X\ 



3G 



\l thru. U3A 



isomorphism classes of 
iterated extensions 
of (KNP) by (PQR) 
with mod-K outer action 6 



isomorphism classes of 

extensions of K by Q 

with outer action 9 

whose P-subextension 

is isomorphic to (N , i , 7r ) 



> . 



Proof. Choose a section u : R •> Q of Q — » R , and choose a lifting A : R •> Aut i<-(iV) 

of G o u : R > Out(iV; K) . Apply lemma 19.21 to choose sections u : R > G and 
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v! : R •> G' of G — » R and G' — » R respectively, so that 

7T o u — u — tt o u' as maps R •> Q, 

and li N o u = A = \j n o u' as maps R •> Aut^(iV). 

Thus ( G , j , 7r , u ) and ( G' , f , tt' , u' ) are (u, A) -sectioned iterated extensions of (KNP) 
by (PQR) . Their (left) factor sets / : R x R •> N and f v :RxR •> N are charac- 
terized by the property that for any n, r 2 G -R , one has 

«(ri)-w(r 2 ) = j(f(r 1 ,r 2 ) ) • «(rir 2 ) in G 

and w'(^i) • w'(r 2 ) = j'( f'(r 1 , r 2 ) ) • ■u'(r 1 r 2 ) in G'. 

By theorem 19.41 and remark l9^8| there is a 2-cocycle d : R x R •> Z(K) P such that 

f — d - f as maps R x R •> N, 

(Q> f >„;') 

and by notationlHIISl the cohomology class of d is precisely [d] = — — ^ — - in H 2 (R, Z(K) P ) 

{G,j,n) 

Next, choose a section s : P > N of N — ^2>> P , and consider the following commu- 
tative diagram: 

.. P 



Aut(K) 



NK 



Out{K) 




Ant K (N) 



Out (A; K) 

..V 



We note that C^oso is a lift of 9\p — do j , and that NKoA is a lift of Qou . Therefore, the 

map 5 : Q •> Aut(A) defined by setting, for any q G Q written in the form q = j(p)-u(r) 

(with p G P and r G R ) , 

(14.3) %) := Cj(s (p)) ° iV#(A(r)) in Aut(A) , 

is a lifting of the outer action 6 1 of Q on A . 

We now define the maps s : Q •> G and s' : Q > G' in terms of u , v! and s by 

setting, for any q £ Q written in the form q = j(p) ■ u(r) (with p G P and r E R), 

s{q) ■= j(soip) ) • u(r) in G , and s'(q) := j( s (p) ) ■ u'(r) in G' . 

Then it is clear that s and s' are sections of G — -^>> Q and G' — — » Q respectively. 
Furthermore, since 



and 



° J ° s = L 



{i K C 1! 



K o s as maps P •> Aut(K), 

NK o A as maps R •> Aut(A), 



32 CHEEWHYE CHIN 

it follows from f 1 1 4 . 3 j) that 

h K os = \j k o s = 5 as maps Q •> Aut(K). 

Therefore, ( G , % , ir , s ) and ( G' , i' , ir' , s' ) are 5 -sectioned extensions of K by Q . 

Their (left) factor sets h : Q x Q •> K and h' : Q x Q •> K are characterized by the 

property that for any qi, g 2 £ Q , one has 

s(qi) ■ s(q 2 ) = i{h(q 1 ,q 2 )) • s(q 1 q 2 ) in G 

and s'(g x ) • s'(g 2 ) = i'{h'{q 1 ,q 2 )) ■ s'(q 1 q 2 ) in G". 

By theorem 111.21 there is a 2-cocycle e : Q x Q •> Z(K) such that 

h' — e ■ h as maps Q x Q •> i^, 

and by notation 111.51 and theorem 113.11 the cohomology class of e is precisely [e] = 
in HUQ,Z(K)). 

We claim that the 2-cocycles e : Q x Q •> Z(K) and d : Rx R •> Z(K) P obtained 

above satisfy the identity: for any q lf q 2 £ Q , one has 

e( qi ,q 2 ) = d(4>{ qi ) , 0(g 2 ) ) in Z(K) P C Z(lf) ; 

in other words, e G Z 2 (Q, Z(K)) is the 2-cocycle obtained from d G Z 2 (R, Z(K) P ) by 
inflation. Indeed, let pi,p 2 ,pi 2 G P and ri,r 2 <E R be the uniquely determined elements 
such that 

<?i = l(pi) • <?2 = j(P2)-u(r 2 ), qiq 2 = j(pi 2 ) ■ u(rir 2 ) in Q . 

The characterizing equation for the factor set /i then gives 

( j( so(Pi) ) • ) • ( j( s (p 2 ) ) • w(r 2 ) ) = i( %i, g 2 ) ) • ( j( s (pi 2 ) ) • u(rir 2 ) ) in G. 

= = sfe) = s(gig 2 ) 

Since we have o u = A by assumption, it follows that 

*(M?i»92)) = j(s (Pi) • A(ri) s (P2) ) • u(r 1 )n(r 2 )M(r 1 r 2 )" 1 -j(s (pi 2 ) ) 1 in G . 

v v ' 

= j(f(ri,r 2 ) ) 

Writing s (pi) • A ^s (p 2 ) briefly as n , we obtain 

= ™o • f(ri,r 2 ) ■ SoO^r 1 in A 7 " . 

The same argument, starting from the characterizing equation for the factor set hi , shows 
that 

h'(qi,q 2 ) = n ■ f(r 1 ,r 2 ) • So(Pi2) _1 in AT . 

Therefore, 

e(?i,92) = h'(qx,q 2 ) ■ h(q 1 ,q 2 )~ 1 

= n -/'(r 1 ,r a )./(ri,r 2 )- 1 -T^ 1 = d(r a ,r 2 ) in Z(^) p C Z(AT), 
proving our claim. Hence 

infl([d]) = [e] in H 2 (Q,Z(K)). 

□ 
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By propositions 110.51 and I14.2[ the exactness of 

H\P, Z(K)) R tgr > H 2 (R, Z(K) P ) infl > H 2 P {Q, Z{K)) 
in the sequence (11.41) translates as: 

Proposition 14.4. Let (G , j , tt ) and ( G" , f , tt') 6e iterated extensions of (KNP) by 
(PQR) with the same mod- K outer action O . Then their Q -main extensions (G , i , ir) 
and ( G' , i' , tt' ) of K by Q are isomorphic if and only if there exists an automorphism 
r] G Ant(KNP) of the extension (KNP) such that the iterated extensions (G , j v , tt) and 
( G' , j' , tt' ) are isomorphic. 

Note that the automorphism 77 G Aut (i^iVP) with the stated property is necessarily 
9 -compatible (if it exists). 

Proof. We give a direct argument. For the "if" direction, an isomorphism ip : G — ^> G' 
between the iterated extensions (G , j v , tt) and ( G' , j' , tt' ) gives ip o p = j' and hence 
by pre-composing with i$ , one has tp o % = %' , which implies that is also an isomorphism 
between the Q -main extensions (G , i , tt) and ( G' , , tt') . For the "only if" direction, 

an isomorphism <p : G —> G' between the Q -main extensions ( G , i , tt ) and ( G' , z' , 7r' ) 
gives 7r' o tp = tt , whence <p must map j'(iV) C G isomorphically onto j'(N) C G" and 
thus induce an automorphism 77 6 Aut(iV) such that <p o j = j' o r/ _1 ; from this it follows 
that 77 lies in Aut(KNP) necessarily, and that ip o j v = j' , which implies that ip is also 
an isomorphism between the iterated extensions (G , j v , 7r ) and ( G' , j' , tt' ) . □ 

15. H 1 (R 1 H 1 (P,Z(K))) AND THE CLASSIFICATION OF MOD- K OUTER ACTIONS 

Let (KNP) : K c — ^— -> iV — ^-^> P be an extension of K by P with outer action 

9\p , and let Op : P > Out(A^; K) denote its mod- K outer action (cf. definition 13. 2\i . To 

avoid a proliferation of notation, we will use the canonical isomorphism of corollary 15.31 ap- 
plied to the extension (KNP) to identify H l (P,Z(K)) with the subgroup Out (KNP; K) 
of Out(A^;i^) throughout this section. 

Theorem 15.1. Let 6 : Q > Out(A^;i^) be a (#, Cp) -prolongation of Op . Then the 

map 

-oO : Z 1 (R,H 1 (P,Z(K))) j (9, ^-prolongations of P j 

T 1 > the map ToO := ( q h+ T($(q)) ■ 9(g) ), 

is a well-defined bisection. 

Here, H 1 (P,Z(K)) is regarded as an R -module via the action described in notation |2~41 
Note that Z 1 (R, iP(P, Z(K))) depends only on the given data ( K , PQR ,6) as in nota- 
tion 12.1^ whereas the set on the right hand side is defined only when the extension (KNP) 
(and hence the mod- K outer action Op ) is given; moreover; the bijection itself depends on 

the choice of 6 as a (6, C P ) -prolongation of Op (assuming that one exists). 

Proof. Let T 6 Z 1 (R, H 1 (P, Z(K))) be a 1-cocycle, which we regard as a map from R 
to Out(KNP;K) . Let 6' : Q > Out(N;K) be the map given by 0'(q) := T(0(g)) • 

0(q) . For any qi,q2 G Q , corollary 17.51 shows that the cohomology class ^ qi ^ T (<j)(q 2 )) in 
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H 1 {P,Z{K)) corresponds to the element Q(q 1 ) -r(0(g 2 )) -e(gi)- 1 in Out {KNP ; K) . Thus 
the cocycle relation satisfied by V yields 

e'( qm ) = r(0( gi g 2 )) • G( qi q 2 ) 

= r(0( gi )) • ?(9l) r(0(g 2 )) .e( gi ) • e(g 2 ) = e'( gi ) • e'(g 2 ) in Out(iv ; k), 

N 1 

which shows that 9' is a homomorphism from Q to Out(A^;K) . Since r(lp) = lo ut (N;K) , 
it follows that 

0' oj = Qoj = Q P as maps P •> Out(iV; K). 

On the other hand, the composite homomorphisms 

Q Out (A^; K) > Out (if) and Q Out (AT; K) > Aut(P) 

are equal to 9 and C P respectively, because V takes values in iP^P, Z(K)) = Out(KNP; K) , 

which is precisely the kernel of Out(iV; K) > Out(AT) x Aut(P) . Thus 6' is a (0, C?) - 

prolongation of Op . The map — oO which sends T to ©' is thus a well-defined map. If 
-o© sends r 1; r 2 G Z 1 (R, H\P, Z(K))) to the same image, then T^q)) = T 2 ($(q)) 
in H l (P, Z(K)) for every q G Q , which implies that Ti = T 2 ; hence the map — o O is 
injective. 

We now show the surjectivity of — o 8 . Let 8* : Q > Out (A 7 "; K) be a (9, Cp) - 

prolongation of Op . We choose any section u : R •> Q of Q — ^» R , and define the 

map 

T : R >H 1 (P,Z(K)), r(r) := Q*(u(r)) ■ e(u(r)) -1 . 

By assumption, O and O* become equal when post-composed with the canonical homomor- 
phism Out(A^; K) > Out (AT) x Aut(P) ; this shows that the map V is indeed well-defined, 

taking values in H l (P, Z(K)) = Out(KNP; K) . (It will be seen eventually that V is in fact 

independent of the choice of the section u .) Now let f : RxR > P be the (right) factor 

set corresponding to the section u , characterized by the property that for any r 1 ,r 2 G R , 
one has 

u(ri)u(r 2 ) = u{rir 2 ) • j( /(n, r 2 ) ) in P. 

Then, using the fact that O and O* are both prolongations of Op , we have 

r(nr 2 ) = ®*(u(rir 2 )) o Qiu^ir^y 1 

= e*(«(n)) ■ 0*(n(r 2 )) • e'^/Kra)))- 1 ■ 0(j(7(ri, r 2 ))) -©(U^))- 1 . e^n))" 1 

v ^ ' v 1 ' 

= epC/Cn.ra))- 1 = ep(/(n,r 2 )) 

= ©*(u(n)) • e*{u{r 2 )) • ©(^(r,))- 1 -©(^(n))- 1 

V V ' 

= r(ra) 

= r(n) ■ e(tz(n)) ■ r(r 2 ) • e^n))- 1 = r(n) • r T(r 2 ) in p^p, z(#)), 

where the last equality holds by corollary 17.51 This shows that T : R •> H 1 (P, Z(K)) 

is a 1-cocycle. The map — o© sends T G Z X (R, H l (P, Z(K))) to the homomorphism 
0' : Q > Out (A 7 "; K) given by 8'(g) := r(0(g)) ■ 8(g) . For any element q G Q written 
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in the form q = u(r) -j(p) (with p G P and r G R ), we have Q{j(p)) = @p{p) = , 
and so 

= e*(u(r)) ■ e*(j(p)) = ©*(g) mOut(^ir), 

which shows that 0' = 0* ; hence the map — is surjective. □ 

Remark 15.2. The proof shows that the inverse of the bijection — o of theorem 115.11 is 
given by 

| (0, ^-prolongations of P } — Z\R, H\P, Z{K))) 

0' I > ( t i — ^ &(u(r)) ■ ©(U(r))- 1 



for any choice of a section u of . 

Definition 15.3. Two mod- outer actions 0^ : Q > QvX(N;K) of Q on N (for 

i = 1,2) are Aut(KNP) -conjugate iff there exists an automorphism rj G Aut(KNP) of 
the extension (KNP) such that for any q G Q , one has 

©2(g) = T 1 ■ ©i(g) ■ W in Out(iV; , 

where r/ G Out(KNP; K) denotes the image of rj in Out (iVjiiT) . In this case, we write 

©2 = 0?. 

If is a (6, Cp) -prolongation of 0p , then so is any Aut(KNP) -conjugate 0^ of . 
Indeed, lemma I7T21 shows that 0^ o j = o j = P , and the fact that rj induces the trivial 
automorphism on K and on P implies that both and 0^ induce 9 and Cp . 

Corollary 15.4. The bijection — o0 of theorem \15. 1\ restricts to a bijection 

-O0 : B l (R,H l (P,Z(K))) — ^ j Aut(KNP)- conjugates of }, 

drj i > 0^, 

where drj denotes the 1-coboundary drj(r) := r/ _1 • r rj for any fj G H l (P, Z(K)) . 

Proof. For any rj G H 1 (P, Z(K)) , the coboundary drj G B l (R, H 1 (P, Z(K))) is mapped by 

— o to the mod- K outer action 0' : Q > Out(iV; K) which sends any element q G Q 

to 

Q'(q) = (drj) (0(g)) -0(g) = fj" 1 • ^ q) rj ■ 0(g) in Out(iV; K) . 

Corollary 17.51 allows us to replace by 0(g) -rj- 0(g)" 1 and see that 0'(g) = 0' 7 (g) in 

Out{N;K). ' □ 

Theorem 115.11 show that Z 1 (R J H 1 (P, Z(K))) acts transitively (from the left) on the set 
of Aut(KNP) -conjugacy classes of (8, Cp) -prolongations of 0p . while corollary H5.4l shows 
that the stabilizer subgroup of any given Aut(KNP) -conjugacy class is B l (R, iP~(P, Z(K))) . 
Hence we have: 

Corollary 15.5. Let : Q > Out (AT; K) be a (9, C?) -prolongation of P . The 

bijection — O of theorem \15.1\ induces a bijection 

— O : H\R,H\P,Z(K)))^\ f^P) ^u g acy classes of \ 

y [0, bp) -prolongations of Bp J 



:«) 
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16. Reduction from H 2 P (Q,Z(K)) to H l {R,H l {P,Z{K))) 

The reduction homomorphism 

rd : H P (Q, Z{K)) > H\R, H\P, Z{K))), [e] I > rd[e], 

which appear in the exact sequence (11.41) . arises from the E 2 -spectral sequence for the 
extension (PQR) with coefficients in Z(K) ; let us first recall its explicit description. 

Given a 2-cohomology class [e] G Hp(Q,Z(K)) , the fact that [e] becomes the trivial 
class when restricted to P means that we can choose a representative 2-cocycle e : Q x 

Q > Z{K) with the property that e(j(pi), j{p2)) = lz(K) f° r an Y Pi,P2 £ -P • For any 

r G P and any choice of an element g G Q such that 0(g) = r in P , we define the map 
f e (r) 9 : P •> Z{K) by setting 

(16.1) r 6 (r) g (p) := e(g, g _1 j(p)g) ■ e(j(p) , g)~\ 

Then r e (r) g is a 1-cocycle, and its cohomology class T e (r) G H X {P, Z(K)) is independent 

of the choice of q G Q above. The resulting map T e : R •> H l (P, Z(K)) , which sends 

r G R to the cohomology class T e (r) G H 1 (P, Z(K)) , is then a 1-cocycle for the action of R 
on i? 1 (P, Z(K)) , and its cohomology class [r e ] G P^(P, H X (P, Z(K))) is independent of 
the choice of the representative 2-cocycle e with the above property. The reduction image 
of [e] is then defined as 

rd[e] := [T e ] in H 1 (R, H 1 (P, Z (K))) . 

The reduction homomorphism can be interpreted in terms of the extensions and their 
outer actions. Let ( G , i , tt ) and ( G' , i' , 7r' ) be extensions of K by Q with the same 
outer action 9 and with isomorphic P -subextensions ( N , io , 7r ) and ( N' , i' , 7r' ) . As 
in definition 11.31 we have the canonical inclusions j : iV c — > G and j' : AT' c — > G' . Let 

6 : Q > Out(A r ; K) be the mod- K outer action of the iterated extension ( G , j , 7r ) ; 

it is a (#, Cp) -prolongation of Op . On the other hand, consider the mod- K outer action 
©' : Q > Out(iV'; K) of the iterated extension ( G' , j' , 7r') . For any isomorphism 

ip : AT' — :L ^> A^ between the P -subextensions ( N' , i' , ti' ) and ( AT , zq , 7To ) , the homo- 
morphism ^G' : Q > Out(A^; K) given by 

^G'(g) := ^oe / (g)o V ? _1 in Out(A^;AT) 

is a mod- A' outer action of Q on A^ , which is also a (6, Cp) -prolongation of Bp . Another 
choice of an isomorphism between ( N' , i' , tt' ) and (N , io , 7To ) would be of the form 
7] o (p for some G Aut(A^A^P) , and so it follows that the Aut(A^A^P) -conjugacy class of 
^0' is independent of the choice of ; we denote it by [©'] . Hence we have a well-defined 
map 
(16.2) 

isomorphism classes of 



extensions of K by Q 
with outer action 9 
whose P-subextension 
is isomorphic to (N , i , n 



Aut(A'A^P)-conjugacy classes of 
(6, Cp)-prolongations of Op 



(G' ,i' ,7r') ^ [©']. 
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Proposition 16.3. With the above notation, let T e Z 1 (R, H l (P, Z(K))) be the unique 
1-cocycle such that v 0' = T o as (8, C p ) -prolongation of Op , and let 

[e] ■= ^f^T e ^W, 

(G,2,7r) 

Then 

rd[e] = [r] in H\R, H\P, Z(K))) . 
In other words, the following diagram commutes: 



H P (Q,Z(K)) 



H\R,H\P,Z{K))) 



thm. [TO I 



-oe 



isomorphism classes of 

extensions of K by Q 

with outer action 9 

whose P-subextension 

is isomorphic to (N , i , 7r ) 



i cor. \15. 51 



Proof. Choose a lifting 5 : Q •> Aut{K) of : Q - 

send surjectively onto Inn (if) , we may choose sections s : Q 

of G — -» Q and G' — » Q respectively, such that 



Aut(KNP)-conjugacy classes of 
(6, C P ) -prolongations of Qp 



Out (If) . Since and both 



•> G and s' : Q > G' 



(16.4) 



J K 



O S 



5 



nG' 

h K o s as maps Q •> Aut(if). 



Thus ( G , i , 7r , s ) and ( G' , z' , 7r' , s' ) are 5 -sectioned extensions of K by Q . We note 
in passing that these conditions only determine the sections s and s' modulo Z(K) ; we 

are free to multiply (say) s by any map Q •> Z(K) . 

Let So : P •> N and s' : P > N' be the restrictions to P of s and s' respectively; 



these are sections of N 
j o s = so J 



7TQ 



>>P and N' 
as maps P •> G 



P , characterized by the property that 



and f o s' Q = s'oj as maps P •> G'. 



Fix an isomorphism ip : iV' 



A" between the P -subextensions 



N',i' , 

71 (K 



Tin 



( N , io , 7Tq ) . The map v 9 ° s o • > N is then also a section of N » P . 



and 
We 

claim that the sections s and s' can be chosen to be compatible with ip , in the sense 

that <p o s' Q = s as sections of N — ^» P . Indeed, for any k G K and any p G P , the 
isomorphism y> transforms the equation 



= s' Q (p) ■ i' (k) ■ s'oip)' 1 in ^ 



into the equation 
i ( 



(^o So )(p).zo(A;)-(^o So )(p)- 1 = j in iV 



which shows that (s (p)) 



C^((y? o Sq)(p)) in Aut(if) . On the other hand, equa- 



tion (116.41) implies that (s (p)) = C^(so(p)) in Aut(K) . Hence o [cp o s 



iJV, 



iV 



nJV 

o s 

as maps P •> Aut(if) , which implies that ip o s' and so differ multiplicatively by some 

map P •> Z(K) . We can therefore adjust the section s accordingly (on the subgroup 

P of its domain Q ) to achieve <p o s' = Sq . 
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The (left) factor sets h : Q x Q •> K and ti : Q x Q •> K of the 5 -sectioned 

extensions ( G , i , tt , s ) and ( G' , i' , ir' , s' ) are characterized by the property that for 
any q x , q 2 G Q , one has 

(16.5) s(qi) ■ s(q 2 ) = i{ h{qi, q 2 ) ) • s{q x q 2 ) in G 

(16.6) and s'(gi) • s'(? 2 ) = i'{h'{qx,q 2 )) ■ s'{q x q 2 ) in G'. 
By theorem 111.21 there is a 2-cocycle e : Q x Q •> Z(K) such that 

h' = e ■ h as maps Q x Q •> if, 

and by notation 111.51 and theorem 1X3. Ij. the cohomology class of e is precisely [e] = 

(G' l' 7r') / rrr-vn> 

— — — - in Hp(Q, Z(K)) . Then for any pi,p 2 G -P > equation (116. 6p gives 

(G,2,7r) 

s' (Pl) • Sq(P2) = *o( e 0(Pi)> j(Pa)) • /i0(pi),j(p2)) J • Sq(PiP2) in AT' , 



which, thanks to our (justified) assumption that <p o s' Q = s , is transformed by the isomor- 
phism ip into the equation 

So(Pi) • s (P2) = M e(j(pi),j(p 2 )) • Kj(Pi)J(P2)) J • s (pip 2 ) in A 7 . 



But by equation (I16.5p . the left hand side is equal to i y h(j(px), j(p 2 )) j -So(pip 2 ) • From this, 

we see that the cocycle e has the property that e(j(pi),j(p 2 )) = 1z(k) for any pi,p 2 G P , 
and so it can be used in (116.11) to determine the reduction image rdje] of [e] . 

Note that (cf. definition 13. 5j) since is the mod- K outer action of the iterated exten- 
sion (G , j , ti ) , it induced by the conjugation action of G on iV and it makes the 
diagram (13. 6p commutes; similarly for 0' . It follows that the maps 

S := Cjos : Q •> Aut K (N) and £' := C % o s' : Q •> Autjf(JV') 

are liftings of : Q > Out(iV; K) and 0' : Q > Out (A/"'; K) respectively. 

We now fix q G Q and compute the effects of conjugation in G and G' respectively. 
First, for any n G A" written in the form n = io(k) ■ Sq(p) (with k G K and p G P), we 
have 

s(q)~ l ■ j(n) ■ s(q) = s(g)" 1 • i(k) ■ s(j(p)) ■ s(q) 

= i( 5(9)1 A; j ■ s(g)" 1 ■ h(j(p), q) j • s(j(p) q) 

= i( S{qyl k- 5(qrl h{j(p),q) ) • s(q)- 1 ■ s(j(p) q) 

= <( %) " 1 A ; - %rl MXp),9)- 5(9) " 1 % ) g" 1 j(p)9)- 1 )-K?- 1 j(p)9) 

in G, 

where the last equality follows from the identity 

s(q) ■ s(q~ x j(p) q) = i(h(q, q" 1 j(p) q)j ■ s(j(p) q) in G deduced from (116.51) . 

Consequently, we see that the automorphism S(g) _1 = C^(s(g) _1 ) G Aut^(A r ) , which is a 

lift of 0(g) -1 G Out (A 7 ; K) , acts on N by sending n = io(k) ■ s (p) to 

(16.7) 

= i ( ^" 1 fc- %rl /i(j(p),g)- %) "%,r 1 Jb)g)- 1 )-«o( C ^V) in AT. 
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Next, for any n' £ N' written in the form n! = i' (k) ■ s' (p) (with k £ K and p £ P ), we 
have 

s'(q) ■ f(n) ■ s'(q)- 1 = s'(q) ■ i'{k) ■ s'(j(p)) ■ s'(g) -1 

= •'( 5M k ) ■ s'(q) ■ s'(j(p)) ■ s'(q)- 1 

= i'{ 5{q) k-h'(qj(p)))-s'(qj(p))-s'(qr 1 

= i'( ^h-h\qr3(p))-ti{q- 3 {p)q-\q)- l )-s'{q-3(p)q- 1 ) in G', 
where the last equality follows from the identity 
s 'il jip) Q 1 ) ' s '(l) — iyh'(q j(p) g -1 , q) j • s'(qj(p)) in G' deduced from (I16.6p . 

Thus, we see that the automorphism £'(<?) = ^N'i^io)) e Autj^A/ 7 ) , which is a lift of 
O'(g) £ Out (AT'; if) , acts on N' by sending n' = i' (k) ■ s' Q (p) to 

(16.8) E ' (9 V = z' ( 5(9 ^-/ i / (gj(p))-/ i / (gXp)^?)~ 1 )-4( C?( ^) m iV' . 

We now use the isomorphism <p : N' - > N to re-express this as an equality in N . Thus, 
for any n £ iV written in the form n = io(k) ■ So(p) (with k £ K and p £ P), we apply 
<p to equation (I16.8j) with n' := y2 _1 (n) = i' (k) ■ s' (p) £ A/"' and obtain 

(,,oE,( ' )o ^n = z ( %) fc-/i , (g,j(p))-^(9Jb)^ 1 ,g) _1 )-s ( C?( ' ?) p) in iV. 

Note that the automorphism <p o £'(g) o ip- 1 £ Aut ir (A r ) is a lift of v 6'(g) £ Out (AT; K) . 
We now replace n by E ^ n in this last equation; by (I16.7p . this amounts to replacing 

p by c p^p and k by ^ k ■ ^ Hj(p) , q) ■ q' 1 j(p) q)' 1 , 

and we arrive at the final result of our computations: for any q £ Q , the automorphism 
given by ip o X'(g) o (p^ 1 o S(g) _1 £ Aut^ (A) , which is a lift of the element r(0(g)) = 
^O'(g) o 6(g)- 1 £ Out(ATAP; K) , sends n e N to 

*o( * • M?(p)>?) ■ %>9 _1 J(P) • ti(q,q~ l j(p)q) • h'ijip)^)' 1 ) • s (p) 

= *o ( ejg^^jjp) g) ■ e(jQo), g)~* J ■ io(fe) • apfe} in AT. 

in Z(1T) = n 

The above computations show that for any r £ i? and any choice of an element q £ Q 
such that 0(g) = r in i? , T(r) £ H 1 ^, Z{K)) is the co homology class of the 1-cocycle 

f(r), = f p ^ e(g, g _1 j(p)g) • e(j(p) , g) _1 V 

This coincides with the 1-cocycle T e (r) £ Z 1 (P, Z(K)) defined in equation (116. II) . so it 
follows that r(r) = r e (r) in H l (P,Z(K)) for any reR. Since r e £ Z 1 ^, H\P, Z(K))) 
represents the reduction image rd[e] £ H l (R, H 1 ^, Z(K))) of [e] £ Hj,{Q,Z{K)) , we 
conclude that rd[e] = [r] in H l {R, H\P, Z{K))) . □ 

By propositions 114.21 and 116.31 the exactness of 

H 2 (R, Z(K) P ) infl > H 2 P (Q, Z{K)) -^^> H\R, H\P, Z{K))) 
in the sequence (11.41) translates as: 
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Proposition 16.9. Let (G ,i, tc) and (G' , i' , 7r') be extensions of K by Q with the 
same outer action 9 and with isomorphic P -subextensions (KNP) = ( iV , i Q , tt q ) and 

( N' , i' Q , 7Tq ) respectively; let ip : N 1 — = -^> N be such an isomorphism. Let 

G : Q >Out(N;K) and 0' : Q >Out(N',K) 

be the mod- K outer actions induced by the conjugation actions of G on N and G' on N' 
respectively. Then and V Q' are Aut(KNP) -conjugate if and only if there exists an 
iterated extension of (KNP) by (PQR) , having ( G' , i' , 7r' ) as its Q -main extension, 
and with as its mod- K outer action. 

Proof. It is instructive to prove this result directly. We first note that any iterated extension 
of (KNP) by (PQR) having ( G' , i' , tt' ) as its Q -main extension must be of the form 
( G' , j* , tt' ) for some injective homomorphism j* : N c — > G' such that j* o i = i' and 
ti' o j* = j o 7r ; that is to say, such that j* makes the following diagram commute: 



;i6.io) 



On the other hand, if j' denotes the canonical inclusion from N' into G' , then the fact 

that (p : N' - > N is an isomorphism of extensions of K by P shows that the composite 
inclusion j'oyj -1 : c — > G' also makes the diagram (I16.10p commute (when j* is replaced 
by j' o tp~ l ). From these, it follows that j* and j' o <^ _1 differ by an automorphism of 
the extension (KNP) : there exists rj G Aut(KNP) such that j* o rj = j' o ip" 1 as 

homomorphisms iV c > G' . The conjugation action L N of G' on (with respect to 

j* ) is characterized by the property that for any g' e G and any n £ N , one has 

j*(<#V) n ) = gi.j*( n )-g'- 1 in G' , 
which, using j* = j' o tp^ 1 o t]^ 1 , we can rewrite as 

where b N , is the conjugation action of G' on N' (with respect to j' ). From this we infer 
that 

tT 1 ° £%*(g') °V = ^°^N'(g') ol P' 1 hi Aut K (N) . 
The conjugation action L N induces the mod- K outer action 0* : Q > Out(N;K) of 

the iterated extension (G' , j* , tt' ) , whereas C^/ induces 0' : Q > Out(A r '; ; hence 

for any q £ Q , one has 

J]- 1 -e*(q)-T] = <p>o Q'(q) o ip- 1 in Out(iV; K) . 

This shows that (Q*) v = V Q' as mod- K outer actions of Q on iV ; in other words, 0* 
and ^0' are Aut(KNP) -conjugate (8, C P ) -prolongations of 0p . 

In the situation of the proposition, if we have an iterated extension ( G' , j* , 7r' ) whose 
Q -main extension is ( G' , i' , 7r' ) and whose mod- K outer action 0* is given by , then 
= 0* and ^G' are Aut (.fTiVP) -conjugate. Conversely, if we have V G' = G 7 ' for some 

7] G Aut(i^A^P) , then the injective homomorphism j* : A^ c > G' , defined by setting 

j* := j' ° V -1 ° V 1 > makes the diagram (116.101) commute, whence (C, j* , vr') is an 



ITERATED GROUP EXTENSIONS 



41 



iterated extension of (KNP) by (PQR) having ( G' , i' , n' ) as its Q -main extension, 
and its mod- K outer action 0* satisfies (0*)^ = ^0' = 0^ , which is to say 0* = . □ 
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